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Abstract 

We give an explicit classification of translation-invariant, Lorentz-invariant 
continuous valuations on convex sets. We also classify the Lorentz-invariant 
even generalized valuations. 

1 Introduction 

The main result of this paper is to give a complete classification of transla- 
tion invariant continuous valuations on convex sets in R™ invariant under the 
connected component of the Lorentz group. 

Let JC n denote the family of convex compact subsets of M n . A (convex) 
valuation is a functional <fi: K, n C which satisfies the following additivity 
property 

<j>{A UB)= 4>{A) + 4>{B) - 4>(A n B) 

whenever A, B, AU B e JC n . A valuation is called continuous if it is continuous 
with respect to the Hausdorff metric on JC n . 

Classification results are playing an important role in the valuations theory 
and its applications to integral geometry since the fundamental work of Had- 
wiger in the 1940's and 1950's. Probably the most famous result in the area is 
Hadwiger's characterization |14| of continuous valuations on convex subsets of a 
Euclidean space invariant under all isometries, i.e. translations and all orthog- 
onal transformations, as linear combinations of intrinsic volumes (see |22| for 
this notion); the subgroup of orientation preserving isometries leads to the same 
list of invariant valuations. In recent years many new classification results have 
been obtained for various classes of valuations. Thus Klain [T5] and Schneider 
[23J have classified continuous translation invariant valuations which are simple, 
i.e. vanish on convex sets of positive codimension. In [1J the first author have 
proven the following general results: let G be a compact subgroup of the linear 
group. The subspace of G-invariant translation invariant continuous valuations 
on convex sets is finite dimensional if and only if G acts transitively on the unit 
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sphere; thus for such a group G one may hope to get certain finite classifica- 
tion. The problem to obtain such a classification is under investigation of a 
few people in recent year. Notice that the cases G = 0(n), SO(n) correspond 
to the Hadwiger theorem. The next interesting case G = U(n) was classified 
explicitly in geometric terms by the first author [3] where also first applications 
to Hermitian integral geometry were obtained. More thorough and complete 
further study of £/(n)-invariant valuations and Hermitian integral geometry was 
done by Bernig and Fu [S] and Fu [TU]. Several other cases of compact groups 
acting transitively on the sphere were considered by Bernig [5], [5], [TJ. 

At the same time other classes of valuations were studied under weaker 
assumptions on continuity but stronger assumptions on the symmetry group, 
which usually was either GL n (R) or SL n (R). Thus Ludwig and Reitzner [T8] 
have characterized the affine surface area as the only (up to volume, Euler char- 
acteristic, and non-negative multiplicative factor) upper semi-continuous valua- 
tion invariant under affine volume preserving transformations. Other results on 
SL n (IR)-invariant valuations were obtained again by Ludwig and Reitzner |19j . 
Quite a few of classification results in a different but related direction of convex 
body valued valuations were obtained in [16], [TjJ, [23], [25]; see also references 
therein. 

Let us now discuss in greater detail the main results of the present paper. 
Let us fix on R n the Minkowski metric, i.e. sign indefinite quadratic form Q of 
signature (n — 1, 1). In coordinates it is given by Q(x) — ^2^=1 x 1 ~ x n- Let 
0(n— 1, 1) denote the group of all linear transformations of R n preserving Q. It 
is well known that 0(n — 1,1) has four connected components. Let us denote by 
SO + (n — 1, 1) the connected component of the identity. Throughout the article, 
we refer to SO + (n — 1, 1) as the Lorentz group. 

Let us denote by Val(R n ) the space of all translation invariant continu- 
ous valuations on R n . For an integer k let us denote by Valk{R n ) the sub- 
space of fc-homogeneous valuations (a valuation </> is called fc-homogeneous if 
<fi(\K) = \ k (f)(K) for any A > and any convex compact set K). McMullen's 
decomposition theorem [2D] says that 

Val(R n ) = (Bt =0 Val k (R n ). (1) 

Valk(R n ) can be decomposed further with respect to parity: 

Val k {R n ) = Vall v (R n ) ® Val° k dd (R n ), 

where a valuation <j> is called even (resp. odd) if <j)(—K) — <fi(K) (resp. (j){—K) = 
-<t>{K)) for any K. 

It is easy to see that Valo(R n ) is spanned by the Euler characteristic, i.e. 
valuation which is equal to 1 on any convex compact set. By a theorem of 
Hadwiger [14] . Val n (R n ) is spanned by the Lebesgue measure. 

We denote by Val(R n ) so+ i n ~ 1 ^ the subspace of SO+(n - 1, l)-invariant 
valuations, and similarly for subspaces of given parity and homogeneity. Mc- 
Mullen's decomposition (fT]) immediately implies 

Fa/(R n ) so+(n - 1,1) = eJUCVaif (R n ) so+(n ~ 1,1) e VaiJ^(R n ) so+ <"- 1 ' 1 >) 

Our first main result classifies odd SO + (n — 1, l)-invariant valuations. 

Theorem 1.1. For < k < n, k ^ n - 1, Val° k dd (R n ) so+ ^ l - hl) = 0. 
For k = n — 1, 

dimVal° k dd (R n ) so+{n - 1A) = 
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The last space will be described explicitly. 

The proof of this result relies on Schneider's imbedding theorem and makes 
use of Lie group continuous cohomology as one of the tools to show that the 
Schneider bundle has no non-zero continuous SO + (n — 1, l)-invariant sections 
for 1 < k < n - 2. 

Our second main result classifies even SO + (n — 1, l)-invariant valuations. 
Notice first of all that by the above discussion 0- and n-homogeneous valuations 
are proportional to the Euler characteristic and Lebesgue measure, respectively. 
In particular they are even and SO + (n — 1, l)-invariant. 

For the remaining degrees of homogeneity, namely 1 < k < n— 1, the classifica- 
tion consists of two parts. First, we define and classify the invariant generalized 
valuations. Roughly speaking, this is the completion of the space of smooth 
valuations with respect to a certain weak topology that is defined using the 
product structure on valuations (see subsection 14.21 for precise definitions). The 
space of generalized valuations naturally contains the continuous valuations as a 
dense subspace. We then analyze which of the invariant generalized valuations 
are in fact continuous. The following two theorems summarize our results: 

Theorem 1.2. For all 1 < k < n — 1, the space of k -homogeneous, even, 
SO + (n — 1, l)-invariant generalized valuations is 2- dimensional. Those spaces 
will be described explicitly. 

Theorem 1.3. For 1 < k < n - 2, Val^iM.™) 3 ^^- 1 ^ = 0. Fork = n-l, 
dim Val*f. v (M. n ) so+ ( n ~ 1 ' 1 " 1 — 2. This space will be described explicitly. 

Let us remark that the generalized Lorentz-invariant odd valuations remain 
to be classified. 

The plan of the classification is as follows: First, we study SO + (n — 1,1)- 
invariant continuous sections of the Klain bundle. For any 1 < k < n — 1 
we get a 2-dimensional space of SO + {n — 1, l)-invariant continuous sections. 
By McMullen's theorem, this finishes the classification of continuous (n — 1)- 
homogeneous even valuations. For the remaining 1 < k < n — 2, it turns out 
that those sections correspond to generalized valuations, which are not contin- 
uous. We construct the corresponding generalized valuations explicitly (section 
U), and then proceed to show that they are discontinuous by proving that they 
cannot be evaluated on the double cone (sections I3I5|) . This last part of analysis 
involves lengthy technical arguments. Another difficulty in comparison to the 
case of groups transitive on spheres is that SO + (n — 1, l)-invariant valuations 
do not have to be smooth in the sense of [2] . 

Finally, we give some applications of the classification. One is the explicit 
construction of a continuous section of Klain's bundle that lies in the closure 
of Klain's imbedding of the continuous valuations, but outside the image of the 
imbedding. The non-closedness of the image was proved very recently by Para- 
patits and Wannerer in [21_ using different methods. Another corollary is the 
non-extendibility by continuity of the Fourier transform from smooth to contin- 
uous valuations, which also was proved in |21) using different methods. 

Acknowledgement. We are grateful to Jose Miguel Figueroa-O'Farrill 
who has explained to us Proposition 12.71 on computation of continuous group 
cohomology. 
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2 Finding the Lorentz-invariant continuous sec- 
tions of Klain's and Schneider's bundles 



Let us introduce the notation used throughout the paper. For a linear space W, 
Vol(W) will denote the 1-dimensional space of volume forms on W, and D(W) 
the 1-dimensional space of densities on W. Gr(W, k) is the Grassmannian of 
fc-subspaces of W. The signature of a quadratic form Q will be denoted signQ; 
We write SO + (n — 1,1) for the identity component of the full Lorentz group 
0(n— 1, 1). If a norm is given on W, S(W) denotes the unit sphere in W. For a 
vector bundle E over a manifold M, r ±00 (M, E), or sometimes simply T ±co (E), 
will denote the space of smooth resp. generalized sections. 

It is well-known that the even continuous valuations naturally form a GL(n)- 
equivariant subspace of the continuous sections of Klain's bundle, which is the 
line bundle of densities on fc-dimensional linear subspaces of R™, over Gr(n, k). 
A similar result holds for odd continuous valuations; the precise description is 
given below. The definitions here are more technical and will be recalled later. 
To find all Lorentz-invariant valuations, we begin by determining all the invari- 
ant sections of those two bundles. 



In the following, V stands for R™. Fix two symmetric 2-forms: Euclidean 
(u,v) — Y^j=i u j v j -i an d Lorentzian Q(u,v) — Y^j=i u j v j ~ u nV n - Let (ej) 
be the standard basis, and ((v) := (v, e n ). The unit n x n matrix is denoted I. 



2.1 Klain's bundle K n > k 

Let j k be the tautological vector bundle over Gr(n,k), so that the fiber over 
A G Gr(R™, k) is simply A; and K n,k is the bundle of densities on its fibers, which 
is naturally a GL(n)-line bundle. The Euclidean structure defines a density in 
every subspace, i.e. we have a global section Area G T(K n - k ), Area is the only 
S l O(n)-invariant continuous section (up to scale), and it defines a trivialization of 
the bundle. Denote by SO + {n — 1,1) C GL(n) the connected component of the 
identity in the group of isometries of Q. We will study SO + (n — 1, l)-invariant 
continuous sections of K n ' k . 

Proposition 2.1. Given a Lorentz- orthogonal family (vi,...,Vk) s.t. Q(vi) = 1 
for i < k — 1, and Q(vk) = ±1, and denoting Zj = C(vj), one has 

1 + 2EL4 Q(y k ) = i 



*?)"!. Q(v k ) = -l 



Area(v 1 ,...,v k ) = j ^ _ ^ k _{ ^ 3 
Proof. Use the identity 



Area{v\, ■■■,v k ) 2 = det({vi,Vj}) — det(Q(vi,Vj) + 2ziZj) = det(7± + 2zz T ) 

where I± is a k x k diagonal matrix with entries Q (v\ ),..., Q(v k ), and z = 
(zi, z k ) T . The remaining verification is straightforward. Q.E.D. 

Proposition 2.2. Given T G SO + (n — 1, 1), and A G Gr(n, k) generic (i.e., Q 
restricted to A is non-degenerate), ifT(A) = A then | detT|A| = 1. 

Proof. Since Q\\ is non-degenerate, and T G GL(A) preserves Q, it follows that 
|detT| A | = 1. Q.E.D. 

Proposition 2.3. The space of G = SO + (n — 1,1) -invariant continuous sec- 
tions of K n k is 2 -dimensional 
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Proof. 1. The orbits of the action of G on Gr(n,k) are characterized by the 
signature of the restriction of Q. The open orbits are M + = {A : signQ|A = 
(k, 0)} and M_ = {A : signQ| A = (k—1, 1)}. Together, M + U M_ are dense in 
Gr(n, k). The remaining orbit is Mo = {A : signQ\^ — [k — 1, 0)} (there are no 
2 non-proportinal Q-orthogonal vectors on the light cone) . 

2. Choose some fixed A + € M + and A_ g M_, and fix arbitrary densities on 
them. By Proposition 12.21 they extend to an invariant section // of M + U M_ . 
It remains to verify that fi admits a continuous G— invariant extension to all 
Gr(n, k). Let us show that n(A) — > as A — > Mq. For this, it is enough to take 
a Q-orthonormal basis of A, denoted v\, Vk and show that Area(v\, v^) 2 — > 

CO. 

3. First, assume M + 3 A — > Mq. 

Write z = (zi, ...,z k ). Define e by (P A e„, e„) = cos (7r/4 + e)|P A e„ |, where P A 
is the (Euclidean) projection onto A. We assume Q{vj) = 1 for 1 < j < k, Write 
P\e n = ^2 otjVj. Then (PAe„ — e„, Vi) = 0, for all i, i.e. (/ + 2zz T )(a) = z. By 
Sherman-Morrison [26J formula, 

(I + 2zz T )- 1 =1- 2:: ' ' 



1 + 2z T z 



We will denote A — Area(vi, ffc) 2 , P> = z T z = z 2 + ... + + z\. By 
Proposition EU A = 1 + 2B. Then 

2zz T z _ 1 
a ~ z ~ i + 2z T z ~ A Z 

Let us write cos 2 (7r/4 + e) = 1/2 - S. Then 

(PAe„,e„) 2 = cos 2 (V4+e)|P A e„| 2 =*> C(P\e„) 2 = (1/2-5) (Q(P A e„)+2C(P A e„) 2 ) 
(]T a^-) 2 = (1/2 - + ( J " 2 W£ a i^') 2 



2^a,z,) 2 = (l/2- ( 5)(E 



Note that J2 a j z j = A ^ 1 (4 + ■■■ + z l-i + z l) = § = 4x" = I ~ 23' and 

^ 1 1 



2(5 sin 2e 

Thus j4rea(wi, Ufc) = sin ^ e | 1/2 — > oo as 5 — > 0, i.e. /x(A) — > as M+ 9 A — > 
Mq. This proves the existence of a section supported on M + . 

4. Now assume M_ 3A-> Mo- Write z = (zi, z^). Let (P A e n ,e n ) = 
cos(7r/4 — e)|P A e n |, where Pa is the orthogonal projection onto A. We assume 
Q(Vj) = 1 for 1 < j < k - 1, Q{v k ) = -1. Write P A e„ = ^a 3 -«j, Then 
{Ph&n — e-ni v i) = 0; f° r & 11 i) i- e - (-f- + 2zz T )(a) — z. By Sherman-Morrison, 

„ Ts 1 T 2i_ZZ T /_ 
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We will denote z — I_z. Again using Proposition 12. 11 we write B = z T I-z = 
z\ + ... + z\_ x - 2%, A = Area(vi,...,v k ) 2 = -1 - IB. Then 

a = (i_ + 2zz T Y 1 z = i-z l-zz r l-z = z I_z = ' 



1 + 25 1 + 25 1 + 25 

That is, 

1 . 

a = -z 

A 

Let us write cos 2 (7r/4 - e) = 1/2 + S. Then 

(P A e„,e„) 2 = cosV/4-e)|PAe„| 2 C(-PAe„) 2 = (1/2+5) (Q(P A e„)+2C(P A e„) 2 ) 

fc-i 

=> (]T a jZj f = (1/2 + a] - al) + (1 + 2<5)(]T a jZj f 

3=1 

fc-1 

=> -25(^ ^^') 2 = (V2 + a ? - ^) 

3=1 

Note that J2 a j z j = - A ^ 1 ( z i + ■■• + z l-i - z t) = ~§ = 4x" = 3 + 2^"' and 
V fc " 1 a 2 - a 2 - -Mr - -4±l Thus 

*(i + = d/2 + + 1 = ^(1 + 1M) 

=>A=A= 1 



25 sin2e 

Again Area(«i, Wfe) = sin sei 1 / 2 00 as <5 ^ 0, i.e. /u(A) — > as M_ 9 A — > 
Mq. Thus there is an invariant section supported on M_, Q.E.D. 

Corollary 2.4. TTie space Val™_ 1 (W l ) so+ l - n ~ 1 ' 1 " > is 2- dimensional, and con- 
sists of non-smooth sections. It is spanned by fg and fi ( standing for space-like 
and time-like) given by 

f T (K) = f y/\&te\da K (u) 
J S"- 1 n{Q>o} 

and similarly 



fs(K) = / y/\sm2e\d<T K (uj) 
J s™- 1 n{Q<o} 

where e denotes the angle between u> and the light cone, and ctk(lj) is the surface 
area measure of K . 



2.1.1 Geometrical interpretations of the space Val™_i( 



vn\SO + {n-lA) 



This purpose of this subsection is to provide some geometrical intuition into the 
valuations that we constructed. It will not be used in the rest of the paper. 

Let us denote H ± — {x e R n : Q(x,x) = ±1}. Both H+ and H~ inherit 
a Lorentzian resp. Riemannian metric from (M. n ,Q). Then H~ C (M. n ,Q) is 
the Minkowski model of hyperbolic space, and similarly H + is the (n — 2, 1) dc 
Sitter space. The valuations in Val^"_ 1 (W n ) so+ ( - n ~ 1,1 ' 1 can be interpreted as the 
surface area of K with respect to in the following sense: 

Define the support functions h H + , h H - : S*™ -1 —> R by setting h^± (9) equal 
to the distance from the origin of the hyperplane Pg with Euclidean normal 
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equal to 9 that is tangent to H + (resp. H ). If no such hyperplane exists, 
the value of hff±(6) is set to 0. Denoting by — ^ < a < \ the elevation angle 

on S n ^ relative to the spacelike coordinate hyperplane {x\, x n \ ), these 

functions are given explicitly by 



l H+ 



a/| cos2a| |a| < 7r/4 
|a| < tt/4 



V / |cos2a| |a| > tt/4 
|a|< tt/4 



h H -{u) = 

Then we may think of /t informally as a mixed volume: 

/ T W = ^[n-l],JJ + [l]) = f h H+ (uj)da K (u) 

Js"- 1 

and similarly 

fs(K) = V(K[n-l],H-[l])= f h H -(Lu)da K (Lu) 



Another very similar description is the following. Assume K is smooth. The 
boundary dK inherits from (R™,Q) a smooth field of quadratic forms on all 
tangent spaces. Then fs(K) is the total volume of the space- like part of dK 
(that is, where the form is positively defined), and similarly fx{K) is the volume 
of the time-like part. 

There is also a relation between the (n — l)-homogeneous Lorentz-invariant 
valuations, and the surface area in hyperbolic and de Sitter spaces. More pre- 
cisely, fx and fs correspond to the surface area on H~ and H + , respectively, 
in the following sense. For a set A C i/ ± , define Ca — {tx : < t < l,x £ A} 
the cone with base A. Denote by AreanT the hyperbolic\de Sitter area on 
H T , and </>^ is either fx or fs, respectively. Observe that while Ca is not a 
convex body, one can nevertheless compute fs or fx on Ca at least when A 
is piecewise geodesic (and so given by a finite collection of intersections of H ± 
with hyperplanes in W 1 ), simply by applying the explicit formulas of Corollary 

cm 

Proposition 2.5. Let A C i? ± be a polytope. If A C H + , we further assume 
it has spacelike boundary. Then 

Area H ±(dA)=4>±(C A ) 

Proof. An (n — 2)-dimensional face F of A lies on A n -ff ± for A e Gr(n, n — 1). 
By additivity of both sides, it suffices to verify that Area H ± (F) — ^(Cf)- 
For H + , by our assumption A is space-like, so the statement is simply that the 
cone measure on the sphere A n H + coincides with the spherical volume on it. 
For H~ , A is necessarily timelike, and it is again well-known (or easily checked) 
that the cone measure of the hyperboloid A n H ~ coincides with the hyperbolic 
volume. Q.E.D. 



2.2 Schneider's bundle S n ' k 

For every non-oriented subspace Q C V of dimension fc + 1, consider the bundle 
of densities on the tautological bundle over the space of fc-dimensional coori- 
ented subspaces Acfi, denoted K k+1 > k (fl). Let T od d(K k+1 ' k (Q)) denote the 
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space of global sections which are odd w.r.t. coorientation reversal of A, i.e. 
MA) = -m(A). 

There is a k + 1-dimensional linear subspace L(f2) C T dd(K k+1,k (£l)), consist- 
ing of sections that are defined by elements of fl*. The space L(f2) ~ f2 <g> D(il) 
is defined as follows: For any fc-dimensional AcO, A x C f2*, and 

D(A)® D(Q/A) = £>(fi) 

so 

D(A) = D(fi) ® D(n/A)* = £>(fi) ® £)(A X ) 

Any 1)6(1 defines a density |«| on A x C O* for all A, and so we define /i„®d(A) = 
sign(u, A)\v\(g>d G r o(W (K fc+1 < fc (^)) for u®d 6 Q<g)D(Q). Here sign(u, A) = ±1 
is determined by the coorientation of A (and sign(i>, A) = for v G A). The 
image of the map i; (g> d >->• /i„®<i is denoted. Let Fq = V dd{K k+1 ' k (0)) / L((2) 
be the quotient. 

Schneider's bundle consists of the base space Gr(V,k + 1), and fiber Fq. 
The topology can be introduced by fixing an orthonormal basis on V, which 
gives the identifications T odd (K k+1 ' k (n)) = C ocld (S(ft)), L(Q) = fl* = ft, and 
Fq = fi x C C dd(S(ri)), the orthogonal complement taken in the L^ dd (S(ft)) 
norm . In particular. Fq inherits an inner product induced from L^ dd (S (fl)) . 
Note that any global section s <E T(S n ' k ) gives a continuous in f2 family of 
functions /iq G Codd(<5(f2)). Schneider's imbedding gives for every odd k- 
homogeneous valuation a global section s G T(S n ' k ). 

However, for a G-equivariant section s (where G is some group), this lift is 
not a- priori G-equivariant. This is because the lift is defined by an arbitrarily 
chosen Euclidean structure. 

We will classify the G = SO + (n — 1, l)-invariant sections of S n ' k . 

Theorem 2.6. There are no odd SO + (n— 1, l)-invariant k-homogeneous valua- 
tions fori < k < n-2. Fork = n-l andn > 3, the space Val~ (K™)SO+(™-i,i) 
is 1-dimensional. Finally, the space Va^r(M 2 ) s ' c ' +(1 ' :L) is 2- dimensional. 

Proof. Let s be such a section. We assume at first that k < n — 2. 

0. Denote M + = {fl G Gr{V, k + 1) : Q\ n > 0}, M_ = {fl G Gr(V, fc + 1) : 
signg| n = (fc,l)}, M - {fie Gr(V, fc + 1) : signQ| = (fc,0)}. Those are 
the orbits of G as it acts on Gr(V, k + 1). We will write Stab(fi) C G for the 
stabilizer of fi, and Stab + (S1) = {T G Stab(fi) : detT|n = 1} is the orientation- 
preserving subgroup of Stab(O). 

1. Observe that s necessarily vanishes on M+: Fix some f2 € M+. Take the Eu- 
clidean structure on fi to be Q\q, and then obtain a lift /iq € r o( i ( i(Ar fc+1 ' fc (J7)) 
of sq which is Stab(f2)-invariant. Since Stab(fi) is transitive on Gr + (f2,fc) (in 
fact, it is transitive even under Stab + (f2)), (J,q(A) — /j.q(A) for all A, so [in = 
on tt. Thus s = 0on M+, and by continuity, it follows that s vanishes on Mq. 

2. Now consider M_. For any fixed G M_ one has a Stab(f2)-invariant element 
sq G r odd (A^ fe+1 ^(0))/ J L(fi) . Since ff c 1 (Stab+(fi); O) = (see gXT] below for 

the computation), we can choose (iq G T 0( id(Ar' c+1,fc (fi))^ ta ' :) lifting so, and 
then, possibly after averaging with go^Q (which also lifts sq) where go G Stab(fi) 



<S 



is orientation-reversing, we may assume /Uq G T dd(K k+1 < k ({l,))^ a ^' ( ' n \ In fact, 
if we fix any ilo G Af_ and the corresponding jiQ = (j,q , then for any g G G one 
can take /x ff n = 9*W) G r odd (^ fc+1 ^(g^ )) Stab(s0o) . We thus get a G-invariant 
lift of s to a continuous family of sections of T dd{K k+1 ' k (£l)) over ft e M_. 

3. We want to inspect ^ more closely. The group Stab(f2 ) has the follow- 
ing open orbits as it acts on the cooriented hyperplanes A C ilo- Ignoring the 
coorientation, there are two non-oriented open orbits, consisting of X + . the Q- 
positive A and X_, those A with signature (k — 1, 1). 

An orientation of A e X + is fixed under g € Stab(Oo) H Stab(A) iff the orien- 
tation of fio is fixed, so coorientation is always preserved. Thus X + splits into 
two orbits X\ and X 2 when coorientation is accounted for. 
On the other hand, A_ constitutes a single orbit including coorientation. There 
are two cases to consider: when k = 1, A G A"_ is a time- like line and so has 
its orientation preserved under the action of g G Stab(f2 ) H Stab(A), while the 
orientation of Cl can be preserved or reversed (since dimf2 = k + 1 < n — 1). 
If fc > 2, the verification is also straightforward: one can again reverse the ori- 
entation of fio while kee ping the orientation of A. 

We conclude that ^o(A) = for all A e A"_: Indeed, since fi is °dd, /xo(A) = 
— /Uo(A); but both A, A lie in the same Stab (Oo)-or bit, so ^ (A) = 0. 

4. Observe that on any A C O which is Q-degenerate, ^o(A) = by con- 
tinuity from X + . 

So fiQ is uniquely defined (since it is odd, and through G-invariance) by a den- 
sity /Li + <G D(A + ) for some Q - positive subspace A + C fi . 
Note that, as was the case with Klain's bundle, any such /i + extends to a con- 
tinuous G r odd (^ fe+1 < fe (ft )) Stab(0o) , and then to a family fi n for SJeM_ 

5. Let us show that has a limit (1^ in r o( M ^if fc+1,fc (fi 00 )^ as O — > e M . 

Assume for simplicity that some orientation is fixed on . For every Q-positive 
oriented /c-subspace A C V, choose = A ® (e„) with the natural orientation, 
and n(A) = /j,q a (A) e -D(A). The family /xn is thus equivalent to a G-equivariant 
collection /i(A) of densities on all Q-positive fc-dimensional oriented subspaces 
A, s.t. n(K) = -/i(A). Then for M_ 9 (O t ,A t ) -> (fix.Aoo), either /x(A t ) -> 
^(Aoo) when Aoo is Q-positive by continuity of /xq, or /x(A t ) — > G D(Aoo). 
Thus /Xoo is well-defined. The limit of [/in] in Todd (^oo)^ /L(Q 00 ) is 

therefore [^oo], and it must vanish as £1 — > e M , by continuity of s and 
since s vanishes on M + . Therefore, ^ is a linear section that vanishes on all 
©■-degenerate /c-subspaces. This is equivalent to a linear functional on R fe+1 
that vanishes on the light cone. So = 0, implying =0. 

We conclude that when k < n—2, there are no G-invariant sections of Schneider's 
bundle. It follows there are no non-trivial continuous, odd, fc— homogeneous val- 
uations. 

Now assume k = n — 1. Again since H^(G;V) = 0, we may lift s to an 
invariant section e T odd (K n ' n - 1 (V)) G . 

If n > 3, as in step 3 above, \i must vanish on mixed-signature subspaces; 
and fi is determined by its value n + on one positive subspace. Unlike the case 
k < n — 2, there are no other restrictions: any fi + extends to a global section //, 
as was the case with Klain's bundle. 

If n = 2, as in step 2 above /i is determined by two independent densities /i + (A + ) 
and ^_(A_); and any two such densities give a continuous /Lip. as with Klain's 
bundle. 
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For k — n — 1, Schneider's imbedding is really just the McMullen character- 
ization of odd n — 1-homogeneous valuations, i.e. the imbedding is an isomor- 
phism, concluding the classification of n — 1 -homogeneous invariant valuations. 
Q.E.D. 

2.2.1 Computation of the continuous Lie group cohomology 

The main result of this section was explained to us by Jose Miguel Figueroa- 
O'Farrill. For the relevant definitions, see [TT]. We need to compute the con- 
tinuous cohomolgy of G = SO + (n — 1, 1) with coefficients in the standard rep- 
resentation V = R™. Specifically, we will show 

Proposition 2.7. The first continuous group cohomology H^(G;V) vanishes. 

Proof. Consider SO(n — 1) C G - the maximal compact subgroup. By the 
Hochschild-Mostow Theorem , 

Hl{G;V) = H x {so{n- l,l),so(n- l);V) 

We will write g = so(n — 1,1) and f) = so(n — 1). Under the action of h, 
V = W © T where W — R' 1-1 is the standard representation of SO(n — 1) 
(corresponding to the space coordinate hyperplane), and T — R is the trivial 
representation (corresponding to the time axis of V). Also, the adjoint action 
of fj on g admits the decomposition g — \) © W where the inclusion i : W g 
is given by 

V [ ^ | (™- 1 ) x (™- 1 ) V (n-l)xl 

\ "ix(n-l) 

Note also that [rj, W] = W. Now 

C°(fl, f); V) = {v G V : t)v = 0} = T = R 

while 

C\g, 0; V) = {f G Hom( fl , V) : f(fj) = 0, f([h, <?]) = hf(g) V<? G 0, ft G f)} - 

= {/ G Hom(VF, 7) :,/([&, iu]) = hf(w)Vw <EW,het}} = 

= {/ G Hom(VF, VF) :,/([/i,u?]) = hf{w)Vw eW,hel}} 

that is, C 1 (g,rj;V r ) = Hom(W,W) t, . This space consists of scalar operators 
when dim W > 3 ■<=>■ n > 4, and of complex-linear operators when n = 3 and 
VF = R 2 = C. The differential map d t : C*°(fl, f); V") -> C^fl, f); V) is nonzero: 
taking some f G T, dit(w) = —i(w)(t) = —tw so dii 7^ 0. Thus dimlm(di) = 1. 
For n > 4, dimC^g, f); 7) = 1 and it follows that if 1 (3, f); V) = 0. 

Whenn = 3, dimC 1 ^, h; V) = 2 while di(C°(g, h; V)) C Ker(d 2 ) C C^&foV). 
We should check whether d 2 — 0. It is enough to check the value of d 2 on some 
non-scalar operator, say J G Hom(VF, W) 1 * which corresponds to -|-rotation. 
Let wi, w 2 be the standard basis of W . Then 

d 2 J(gi,g 2 ) = J{[9i,92}) - 9iJ{92)+9iJ{9i) 

Since rj G Hom(d 2 J) and g = \)®W, d 2 J^0 <*=S> d 2 J(wi,w 2 ) ^ 0. Now 

[i(wi),i(w 2 )] = J G f) 
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so J([i(wi),i(w 2 )]) = 0. And 

—i(wi)J(i(w2)) + i(w 2 )J(i(wi)) = i(wi)wi + i(w 2 )w 2 = (0, 0, 2) T 
so d 2 J 7^ 0. 

Thus dimKerd 2 = 1 also for n = 3, and H 1 (so(n — l,l),so(n — l);V) = 
for all n. Q.E.D. 

Now consider the exact sequence -» £(V) -> r o( jd(ii' n '™~ 1 (F)) -> Fy -> 
where L(V) is the space of linear sections on V (an n-dimensional space), and 
it is G-isomorphic to V. We have the long exact sequence of cohomology 

-+ L(V f r^tf"'"" 1 ^)) -> F« -> tf^G; £(V)) = 
it follows that every G-invariant section of Fy lifts to a G-invariant section of 

iW^"- 1 ^)). 

3 Computing valuations on SO(n — l)-invariant 
unconditional bodies 

Definition 3.1. The fc-support function of a body K C ffi™, denoted /ife(A; K) e 
C(Gr(n,n — k)), is the fc-volume of the projection of K to A^. 

Let L C M 2 be a convex, unconditional body. Denote L n C M n its rotation 
body around the vertical axis, namely 

Denote also hk(a;L) = hk(a; L k+1 ) for — | < a < -|: it is obvious that the 
fc-support function of L" is SO(n — l)-invariant for all 1 < k < n — 1, and so it 
really is a function of a. Here a = corresponds to a vertical hyperplane. By 
abuse of notation, we consider hk(a; L) to be a function both on the unit circle 
S 1 and on the sphere S k C R fc+1 ; we will write hk{a) or hk(uj) when we need 
to emphasize that the domain is S 1 , resp. S k . Denoting Rk+i € 0(k + 1) the 
reversal of time direction and Gk+i = (SO(k), Rk+i) C 0(fc + 1), it is obvious 
that L n is G„-invariant. 

Proposition 3.2. L n is a convex unconditional body, and hk(a; L n ) = hk(a, L) 
for all n > k. Any G n -invariant convex body equals L n for some L as above. 

Proof. The Minkowski functional of L n is p n (ux,y) = \\(x,y)\\L for x,y G M, 
co e Let us verify it is convex: 

p n (u>ixi,yi)+p n (u 2 x2,y2) = ||(a;i,J/i)IU+||(a;2,2/2)|U > || (l^il+l^l, |2/i|+|j/2|)||l 
while 

Pn((uiXl,yi) + (0J2X2,y2)) =p n (0JlXl +W 2 X 2 ,J/i + y 2 ) = 

= \\(\ojiXi +w 2 x 2 \,yi +V2)\\l < \\(\xi\ + \x 2 \, 1 2/i I + \y 2 \)\\ L 

by unconditionality of L. The unconditionality of L n is obvious. Now hk(a; L n ) 
can be computed as follows. Let ei, e„ be the standard basis, and define £1 = 
Spanjei, efc, e n }. Let A Q C £1 be a fc-dimensional subspace forming angle a 
with the spacelike coordinate hyperplane. Then hk(a; L k+1 ) = hk(a; n L n ) = 
vol fe (Pr Ac , (fi n L n )) and by unconditionality of L, Pr n (L") = i™ n £^ so 

/i fe (a,L") = vol fc (Pr Acv (i")) = vol fc (Pr A „Pr n (L n )) = h k (a; L k+1 ) 
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Finally, given a G n - invariant convex body K, it is immediate that its 2- 
dimensional x\-x n section L will be convex and unconditional, and K — L n , 
concluding the proof. Q.E.D. 

Remark 3.3. It follows that L i— > L" is a Hausdorff homeomorphism between the 
spaces of 2-dimensional unconditional convex bodies and SO(n — 1) -invariant, 
unconditional convex bodies. 

Recall the cosine transform T k : C°°{S k ) -> C°°(S k ) given by 

T k (f)(y)= [ f(x)\{x,y)\dx 
Js k 

is a self-adjoint isomorphism when restricted to even functions, and extends to 
an isomorphism of generalized even functions. It is well-known that T k (a k (w; L)) = 
h k (ui; L) where a k G C(S k )* is the surface-area measure of L k+1 . 

Lemma 3.4. If f e C°°(R) is even, then f(\x\) G C°°(R n ). 

Proof. This is because f(x) = g(x 2 ) for g G C°°[0, oo). Q.E.D. 

For the following, we recall the definition of Sobolev spaces. On the linear 
space M. k , denote f *-> f the Fourier transform, and the p-Sobolev space is the 
completion of C^°(M fe ) w.r.t. the norm ||/|| L 2 = ||/(cj)(1 + \uj\ p )\\ L 2. For a 
compact smooth manifold X, L 2 (X) C C~°°(X) is defined by some choice of a 
finite atlas {U a } for X and an attached partition of unity {p a }- 

L 2 P (X) = {Y / P a f a -f a eL 2 p (u a )} 

a 

The resulting space L 2 (X) is independent of the choices made. 

Proposition 3.5. For all k > 1 and e > 0, h k (uj;L) G L\ _ {S k ). If hi(a;L) 
is smooth in a neighborhood of the poles and the equator, then h k (uj;L) G 
L\ {S k ) * s smooth near the poles, and h k (a; L) G L 2 k {S 1 ). 

2 ^ 2 ^ 

Proof. Denote 

□ = 7T~ — (A + fc) : C e ~ n (S fe ) -> C e ~ 
2w fc _i 

where o;fe_i is the surface area of S k ~ 1 . It is an invertible differential operator of 
order 2. Let TZ k ■ C^ en (S k ) — > C^ en (S k ) denote the spherical Radon transform, 
which is an invertible Fourier integral operator of order — £=i (see [13] )• Then 
(see QH) 

□T fc = K k <=> T k = D^TZk (2) 

Therefore, the cosine transform T k is an invertible (on even functions) Fourier 
integral operator of order — ^±3, and it respects Sobolev spaces, i.e. for all set 

T k : Ll{S k ) ^ L] +h ^{S k ) 

is an isomorphim. In particular, 7\ is invertible by a differential operator fol- 
lowed by a ^-rotation. 

For the first part, note that the surface area measure a k G C{S k )* C L 2 _k_ t {S k ), 
so h k (u;L) = T k (a k ) G L%(S k ). 
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For the second part, note that <j\ = T x 1 (hi) G G^ 1 )* C L 2 _i_ (S 1 ) is smooth 

2 £ 

in a neighborhood of the equator and of the poles of S 1 , since hi is smooth 
there, and by eq. [2j Let <jfc = 7t*cti be the surface area measure of L k+1 , 
where tt : S k — > S k /SO(k — 1). Then <7k is smooth near the poles from un- 
conditionality of L and Lemma l3.4[ so er^ G L 2 _ 1 _ (S k ); also at is smooth 

2 6 

near the equator S k ~ 1 C S k . Therefore, h k (uj;L) — T k (ak) € L 2 d (S k ) where 
d = — 5 — e + -^j^ = | + 1 — e, and also /i/. is smooth near the poles. Then 
hk(a;L), which can be obtained by taking a vertical 2-dimensional restriction 
of hk(tu; L), lies in L^S 1 ) and is smooth near the poles, as required. Q.E.D. 

Remark 3.6. It follows that under the assumptions of Proposition 13.51 hk G 
(S 1 ), and if K n — > if in the Hausdorff topology s.t. hx(»; K n ) and if) 
are as above, then also /ife(a; i^„) — > hk(a; K) in the CW (S 1 ) topology. 

Proposition 3.7. Lei G ^ai^M™) 50 ^™ -1 ^ 6e a continuous k -homogeneous 
even valuation such that <f>(K n ) — J sl fhk(a;K) for SO(n — \)-invariant con- 
vex bodies K n with smooth h^{»]K), where f G C~^ n {S l ). Then (f)(K n ) = 
f s i fhk{a\K) for all SO(n — l)-invariant symmetric convex bodies K n such 
that sing-supp(hk{a; K)) and sing-supp(f) are disjoint one from another, and 
sing-supp(hk(a; K)) is disjoint from the poles. 

Proof. Denote G = SO(k + 1), H = SO{k). Write S k = H\G for the space 
of orbits under left action. Let dfi be the Haar probability measure on G, da 
the pushforward to S k . Fix a positive approximate identity Fn G C°°(S k ) H 
supported near the north pole (identified with its H- bi-invariant pullback to 
G). It can be obtained by fixing an approximate identity Fn on G, and then 
taking 



-PW(ff) = / F N (h 1 gh 2 )dh 1 dh 2 

J HxH 



Note that Fjy(g) = -Fjv(.9 _1 ) by bi-invariance of Fn, and since (gH,H) = 
(H, g~ 1 H) (considered as points on the sphere). 
Convolution of functions is defined by 

u*v(x)= / u{g)v{g~ 1 x)dii{g) = / v{g)u(xg~ 1 )d(i(g) 

JG JG 

so that (Lhu)*v — L} l {u*v) and Rh{u*v) — u*RhV (here L^and Rh denote the 
left and right actions respectively). In particular, for u G C°°(S k ), v G G°°(G), 
u*v G C°°(S k ), and if v is right iJ-invariant, so is u*v. The following properties 
hold: 

1. Convolution with Fn on either side is self adjoint: for u, v G C°°(S k ), 
(Fn * u,v) — (u, Fjsr * w)and (u * Fn, v) — (u, v * Fn)- For instance, 

(F N *u,v) = / dfi(x)v(Hx) / d(j,(g)u(Hg)F N (xg~ 1 ) = / dfi(x)dfi(g)v(Hx)u(Hg)F N {xg^ 1 ) 

JG JG JGxG 

and we can exchange x and g since FNixg^ 1 ) = FNigx^ 1 ). Similarly, 

(u*Fn,v) — / d/j,(x)v(Hx) / dfj.(g)u(Hg)FN(g < x) = I d^(x)d^(g)v{Hx)u(Hg)FN{g~ 1 x) 

JG JG JGxG 

2. For u G G°°(S* fc ), one has F N * u -> u in G°°(5 fc ). For u G G°°(G/iJ), 
it * _F/v — ► u. 

Fn*u{x) = / dh\dh 2 / FN{h\gh 2 )u(g~ 1 x)dg = I dh\dh 2 I Fff(hig)u(h2 g~ x)dg 

J HxH JG JHxH JG 
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by left iJ-invariance of u, this equals 

I dh I FM{hg)u{g~ 1 x)dg = I dhFjy * u(hx)dh — / L^(Fjv * u){x)dh 
Jh Jg Jh Jh 

since Lh{F^ * u){x) — » Lf l u(x) = u(x) in C°°(G), we conclude that J H F/^FV * 
u)(a:)dft -> u in C°°(S fc ). Similarly, for u g C°°(G/H), 

u*F N (x) = / dftid/i 2 / F N (h l gh 2 )u(xg~ 1 )dg = I dh 2 F N (gh 2 )u(xg~ 1 )dg 
Jhxh Jg Jh Jg 

= [ dh [ F N {g)u{xh- 1 g- 1 )dg^ [ R h (u * F N ){x)dh 
Jh Jg Jh 

and again 

* F N ) -> = u 

implying the statement. 

3. For u g C-°°(S k ), .Fat * u -> u for u g C-°°{S k ) and u * F N -> u for 
u € C~°° (G / H). This is a direct consequence of properties 1 and 2. 

4. For u g C~°°(S k ), T fc (u * FV) = T fe (w) * F/y. It is enough by self-adjointness 
of T k and the convolution operator to verify this for u € C°°{S k ): 

T k {u*F N )(x) = [ dy\(x,y)\ [ dgF N {g)u{yg^) = 
Js k Jg 

= dgF N (g) m^" 1 )^, ?/)|d?/ = \ dgF N (g) uiy^xg' 1 ,y)\dy = 
Jg Js k Jg J s k 

= I dgFN^Tuuixg- 1 ) =T k u* F N {x) 
Jg 

Note that F N * u g C-°°{S k ) H whenever u G C-°°(S k ) H . 

Let a k e C^ oc (S k ) H be the surface area measure of K k+1 . Then by Minkowski's 
theorem, a k * F/y is the surface area measure of a sequence of H- invariant bodies 
denoted K^ +1 s.t. K N -> K, therefore also K% -+ K n and (/>{K%) -> <f>(K n ). 
On the other hand, 

T(a k *F N ) = h k (»;K)*F N 

so 

4>{K n N ) = [ / • TK * F N )da = f f(a) ■ (/*(•; K) * F JV )( a )da 
Js 1 is 1 

Choose a cut-off function \ g C 00 ^ 1 ) 22 (the action is reflection w.r.t. the 
vertical axis, note that x induces a smooth H— invariant function on S k , also 
denoted X ) such that X (a)h k {»;K) g C°°(S fc ) and (1 - X (a))/(a) g C°°(6' 1 ), 
and x = 1 in a neighborhood of the poles. Now we can restrict x{ot)h k (»; K) to 
a smooth function on S 1 , and 

x(a)(F A r * h k (.; K))(a) -+ xHM«; K) 
in C 0O (S ,fe ) and also in C 00 ^ 1 ) (by restriction). Then 

j f(a)(h k (.; K) * F N )(a)da = j f(a)(x(a)(h k (»; K) * F N )(aj) da+ 
+ j ((1 - x(«))/(«)) (h k {»; K) * F A r)( a )da 
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The first summand converges to 

/ f{a)x(a)h k (a;K)da 
Js 1 

Also. (1 — x( a ))f( a ) can be pulled back to a smooth function on S since 
1 — x — near the poles. In particular, we will have 

J i (p.- X {a))f{a)yh k (»\K)*F N )(a)da j {{l-x(a))f(a))h k (a;K)(a)da 
And so the sum converges to J gl f(a)hk(a; K)da, as required. Q.E.D. 

4 Finding the generalized invariant valuations 

From now on, n > 3, and G = SO + (n — 1,1). Let us recall some definitions and 
facts and introduce notation. 

Consider the bundle E n,k over Gr(V, n — k) with fiber over A e Gr(V, n — k) 
equal to E n ' k \\ = D(V/ h)®D{T\Gr(V, n — k)). We will sometimes refer to it as 
the Crofton bundle, and we call its (generalized) sections (generalized) Crofton 
measures. Also, recall Klain's bundle K n ' over Gr(V, k), that has fiber -D(A) 
over A G Gr(n,k). Klain's imbedding Kl : Val e k v {V) -> T(K n ' k ) is GL{V)- 
equivariant, and maps smooth valuations to smooth sections, see [T|. 

Observe there is a natural bilinear non-degenerate pairing 

Y ±00 (E n ' k ) x Y^°°(K n ' n - k ) -> D(V) 

The GL(t/)-equivariant cosine transform T n „ kM : r°°(E n < k ) -> T°°{K n ' k ) is 
given by 

T n _ kik (7)(DA) = / 7 ® Pr v/n {D A ) 

where Da C A is some symmetric convex body. We will write T n ^k,k ■ C°°(Gr(n, ri- 
fe)) — > C°°(Gr(n,k)) also for the cosine transform after a Euclidean trivial- 
ization, and also T n -k,k '■ r~°°(E n ' k ) — > Y~°°(K n ' k ) for the adjoint operator 
to T k , n -k ■ T oa {E n ' n ^ k ) -> Y°°{K n ' n - k ). It extends the cosine transform on 
smooth sections. 

4.1 Some representation theory 

We make use of the following facts (see [4] ) : 

1. The highest weights of SO(n) are parametrized by sequences of integers 
A = (Ai, A[«j) with Ai > ... > A|_»j > for odd n, and Ai > ... > 
A[f j-i > |A|_»j| for even n > 2. 

2. The irreducible components of C co (Gr(n, k)) (considered as a representa- 
tion of SO(n)) are of multiplicity one, with highest weig hts A G A+nA+_ fc . 
Here A, = {A : A l = OVi > j, X t = mod 2Vi}. 

3. The image of T k : C co (Gr(n, n—k)) — > C°°(Gr(n, k)) consists of represen- 
tations with highest weights A e A^ n A^_ fc , | A2 1 < 2. The kernel is thus 
KerT fc = ®p x with AeA^fl A+_ fe , |A 2 | > 4. The image of T k is closed. 
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4. The irreducible representations of SO(n) which contain an SO(n — 1)- 
invariant element are precisely those corresponding to spherical harmonics. 
Their highest weight is (d, 0, 0) (for degree d spherical harmonics). The 
spherical harmonics appearing in C°° (G(n,n — k)) are precisely those of 
even degree d. 

5. In particular, C°°(Gr(n,n- k)) so ( n -V n KerT„_ fc , fe = 0. Thus 

T n - k , k : C°°(Gr(V, n - k)) so ( n -V -> C°°(Gr(V, fc)) 50 ^" 1 ) (3) 

is an isomorphism: It is injective and has dense image (by Schur's Lemma), 
and also 

r n _ fc)fc (((7~(Gr(7,n-A))) so ( n - 1 )) = (r n _ M (C~(Gr(V;n-A)))) SO(n ~ 1) 

(4) 

implying the image is closed. Equation holds because T„_fc,fc obviously 
maps SO{n — l)-invariant vectors to SO{n — l)-invariant vectors, and if 
v € T n -k,k{C°° (Gr(V, n—k))) is SO{n— l)-invariant, then w = T n ^k,kU for 
some we C 00 (Gr(V^,n-fc)) such that v = T„-k,k(gu) for all g € SO(rc-l), 
implying v = T n - k ,k(Iso(n-i) 9 U ' d d)- 

6. In particular, 

Tn-kM ■ G~°°(Gr(y, n - k)) so( - n ~ 1] -> G-°°(Gr(V, fc)) 50 ^ 1 ' 

is also an isomorphism, since T n -k.k is a symmetric opeator (after the 
obvious identification Gr(V, fc) = Gr(V, n — k)). 

Note that the action of SO(n - 1) on r-°°(E n ' k ) and T-°°(K n ' k ) (after a Eu- 
clidean trivialization) and on C~°°(Gr(V, n—k)) resp. C^ 00 (Gr(V, k)) coincides. 
We deduce the following 

Corollary 4.1. The map 

T kk ' r~°° (^]^ n ^^SO^ (n— 1,1) y p — oo ^j^n.k^SO + (n — 1,1) 

is injective. 

Let us prove the following 

Proposition 4.2. C°°(Gr(n, n-fc))nT n _ fe k (C-°°(Gr(n, n-k))) = C°°{Gr(n,n- 
k)) 

Proof. Assume h(A) = T fci „_ fc (cr) for some a <E G _00 (Gr(n, fc)) and /i G G°°(Gr(n, ri- 
fe)). Choose an approximate identity {In € .M°°(SO(n)). Then Tk, n ~k{o~ * 
Hn) = Tk, n -k{o~) * UN = h* /ijv h in the G°°-topology. Since a * /i^v € 
C°°(Gr(n, k)), and the image of Tk, n -k is closed in the G°° topology, it follows 
that h € T Il _ fc!fc (G 00 (Gr(n, fc))), as claimed. Q.E.D. 

4.2 Lorentz-invariant generalized valuations 

The space Val^' -00 (V) of generalized fc-homogeneous even valuations is defined 

by 

Val e k v >-°°(V) = (Val^iV))*® D(V) = (Val^{V) ® £>(F)*)* 
By the Alesker-Poincare duality, there is a natural inclusion Vcd^'' 00 (V) C 
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Let us write this inclusion explicitly. Recall that a Crofton measure (j,^ € 
T°°(Gr(V, n-k) 1 E n ' k ) for € Val™'°°(V) is any section such that T„_ fe>fe (/i^) = 
Kl((f>), which always exists by [I]. It is equivalent to a smooth, translation- 
invariant measure on the affine Grassmannian Gr(V,n — k). 

For </> e Val e h v >°°(R n ) and e Val^™ (R n ), the duality map is given by 

{4>^)={Kl{ct>),^) 

Equivalently, 

(4>,ip)(*) = [_ 4>{T\E)d^{E) € D(V) 

JGr{V,k) 

We have the surjective map 

Cr k : r°° -> Val^{V) 

given by 

Cr k (s)(K) = f s(Pr v/A (K)) 

JAeGr(V,k) 

We will need the following 

Claim 4.3. Let T : X — > Y be a bounded linear map between Frechet spaces 
X,Y such that 7m(T) c Y is closed. Then Im(T*) C X* is also closed. 

Proof. By Banach's open mapping theorem, T : X/Ker(T) — > Im(T) is an 
isomorphism of Frechet spaces. Therefore, T* : Im(T)* — ► (X/Ker(T))* = 
Ker(T) 1 - is also an isomorphism. It remains to observe that T* : Y* —> X* 
factorizes as Y* -» Im(T)* ~ Ker(T) x X* and the last inclusion is closed. 
Q.E.D. 

Proposition 4.4. There is a unique extension by continuity of Klain's imbed- 
ding, Kl k : Vall v '~°° (V) — > T~°°(K n ' k ) 1 which is an imbedding with closed 
image. 

Consider the adjoint map of Cr k : 

CV* : Vall v >-°°(V) ® D(V)* -> r^iT 1 ^) ® £>(y)* 
which gives a map 

A : Vai^ ,_00 (V) -> r-°°(K n > k ) 

s.t. Cr? = j4 ® /d. Let us verify that A extends Klain's imbedding Klk '■ 
Val e ^°°{V) -> r°°(if"' fe ). For 7 e r°°(.E"' n - fe ), one has the obvious Crofton 
measure ficr k (-y) — 7) so for all ^ € ya/™ : °°(V r ) 

Aty)( 7 ) - (Cr fc (7), i>) = [ nc rk (y)Kl k (i;) = 

JGr(V,k) 

= I 1 Kl k (^) = ( 1 ,Kl k (i;)) 

JGr{V,k) 

as required. Moreover, KerA = 0, since Cr k is surjective, and by Claim |4~31 the 
image of A is closed. 

Proposition 4.5. The map Cr k admits a unique extension by continuity Cr k : 
T-°°(E n ' n - k ) -> Val e n v _l k °°(V) which is surjective. It holds that Kl n ^ k o Cr k = 
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Consider the dual to Klain's imbedding Kl k : Val e k v,00 (V) r 00 ^™^), 
tensored with the identity on D{V): It is given by 

B : r-°°(E n ' n ~ k ) -> Val™r k °°{V) 

where 

B(s)(ip) = (s,Kl k (xP)) 
for all ip <E Val'j?' 00 (V). Then B extends the Crofton surjection: for 7 6 

poo ( K n,n-kj and ^ g y^e^oo^^ 

Let us verify it is surjective: the image of i? is dense since Kl k is injective. The 
image of B is closed by Claim 1431 since Im(.K7fe) is closed. Note that 

Cr* n _ k o Kl* k = (Kh o Cr„_ fe )* - T*_ M = T k ^ k 
implying B o Cr k = T fci „_ fc . 

Definition 4.6. A generalized Crofton measure for <fi & VaVj? , ~°° (V) is any 
H e Y~° c '(E n > n ~ k ) s.t. Cr k (fi) = 4>. We proved that such <j> exists. 

4.3 Reconstructing a continuous valuation from its gener- 
alized Crofton measure 

Lemma 4.7. Let W be a linear space, <f> € Val™{W) a continuous valuation, 
and [ify G Y~°°(E n ' k ) a generalized Crofton measure for (j>. Let K be a convex 
body such that \Pr w/A (K)\ £ T°°(K n ' n - k ) ® D(W)* . Then 

4>{K) = f \Pr w/A {K)\ H (k) 

J Gr(n,n — k) 

Proof. A convex body K C W is naturally an element of Val k w '°°(W)* — 
V al^S]. 00 (W) (g> D(W)*; denote the corresponding element by tpK,n-k- Then 
ip K ,n-k = Kl*(j K ,„-k) = (Cr®Id)(j K<n -k) for some lK , n -k € T-°°{E n ' n - k )® 
D{W)*, and so 

Cr*{<lj)K,n-k) = {Kl n _ k ®Id){i> K ,n-k) = {T k , n ^ k ®Ld){ lK ,n-k) € T~°° {K n,n ~ k )®D(W) 

In particular, Cr* (ipK,n-k) lies in the image of the cosine transform. 

Let us verify that Cr*(tpK,n-k) is continuous and Cr*(ipK,n-k)(A) = \P r w/\(K)\ G 

T(K n ' n - k )®D(W)*, where A € Gr(V,n-k). 

Take any smooth Crofton measure 7 G r°°(i? n ' fc ). Then 

(Cr*(V*,„- fc ),7) = (Vjf,n-fc,Cr( 7 )> = Cr( 7 )(*0 = / \Pr w/A (K)\ 7 

J Gr(n,n — k) 

that is, Cr*(^K,n-ib) = |F% /A (if)|, so |P»v /A (lir)| € T fc , n _ fe (r-° (£; n ' n - fc )) ® 
D{W)*. By Proposition I4T2I it follows that \Pr w/A (K)\ = T fei „_ fc (cr) for some 
CTG r^(£"'™- fe )(g).D(ir)*. 

Now fix some Euclidean structure on W. We know that T n - ktk (/j,^) = Kl(<fi). 
Choose a sequence <f>j e FaZ™' 00 (W / ) s.t. ^ — >• <j> in Fa/| t '(W / ), so <frj(K) —> 
4>(K). Choose Crofton measures fj, n € r°°(.E™' fc ) s.t. T k ^ k (fij) = Kl(<j>j). 
Then since T£ n _ fc = T n _ fejfe , 

HK)=f \Pr A ±(K)\ f i j (A)= f o-T„_ fc , fc ( Mi ) = 

J Gr(n,n-k) J Gr{n,k) 
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= f aKltyj) -> f aKl(<t>) = [ aT n _ M (/i ) 

JGr(n,k) J Gr(n,k) J Gr(n,k) 

and since cr is smooth and T£ n _ k = T n _k,k-> this equals 

f \Pr A ,(K)\^(A) 

as claimed. Q.E.D. 

Thus, given a generalized section s € r _00 (.E n ' fe )' S0+ ( n_1 ' 1 ), we may consider 
= Cr n -k(s) which is an even, k- homogeneous, Lorentz-invariant generalized 
valuation. Then one may ask whether a continuous extension to all convex bod- 
ies of (f> exists. According to the Lemma, its value (as a continuous valuations) 
on all convex bodies with smooth fc-support function should be given by the 
formula 

<f>(K) = [ s(Pr v/A (K)) 

JAeGr{V,n-k) 

4.4 Finding the invariant generalized sections 

Let X be a smooth manifold, and Y C X a smooth compact submanifold. Let 
E be a smooth vector bundle over Y. Define the sheaf 

VXj £ r°°(TX), j = l,...,q} 



{E*),m£ T(M q y) 4>(s ® to) = 0} 
Let F q denote the vector bundle over Y with fiber 

F% = Sym q (N x Y) ® £>*(7V X Y) ® £| a 
whereby = T X X/T X Y is the normal space to Y at x. Then r~ TO,9 (.E)/T~ 00 ' <? ~ 1 (i;) = 

r-°°(y,F«). 

We thus have a useful tool for finding the G-invariant generalized sections of a 
vector bundle: 

Proposition 4.8. Let G be a group, X a manifold equipped with G-action, E 
over X a G-equivariant line bundle, and Y C X a compact orbit of G. Then 
there is an infective map 

p: (Ty°°' q (E)/Ty 00 ' q - 1 (E)y -^T 00 (YF q ) G 

Proof. Taking the G-invariant elements of a G-module is left exact. Therefore, 
the exact sequence 

-> T Y °°- q - l {E) -> r-°°' 9 (£) -> T-°°{Y,F q ) -> 

gives an injection 

^r- 00 '«(£7)/ry 00,a_1 (f;)) G -> r-°°(Y,F9) G 

So it remains to verify that in fact T- 00 (Y,F q ) G C r°°(Y,.F9). This holds 
because G acts transitively on Y: we can choose any smooth probability measure 
with compact support ,uon G , and then V/ £ T~°°(Y, F q ) G , f = f * fj, £ 
T°°(Y,F q ). Q.E.D. 



J q ={f£C°°(X): L Xl ...L Xg f y 

Then define M q Y = J Y M°°{X) and 
T Y °°' q (E) = {<j)£ r-°°(E) : Vs £ T 
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4.4.1 Construction of some generalized functions on the unit circle 

For the following, define Cj(X) by 

3=0 

The series converge locally uniformly in i £ (— tt,tt) for every A G C, in par- 
ticular Y^jLo \ c jW\ converges. The coefficients Cj(X) are polynomial func- 
tions of A G C: c (A) = 1, ci(A) = c 2 (A) = A + ^1, Cs (A) = 

A A(A-l) A(A-l)(A-2) , 
_ 7^ 3151 ' (TP 5 

Lemma 4.9. for every fceZ, t/ie function /fc(A) : C — > C given by 



4(A) = r 



a; I sina;| A rfa; 



/or i?eA > ; admits a meromorphic extension to the complex plane, with simple 
poles at A = — (k + 2j + 1), j = 0, 1, 2, ... and residues Res(Ik, —k — 2j — 1) = 
2cj(-k - 2j - 1). 

Proof. Write 



4(A) = />^)^ = 



A + fc + 2j + l 

is meromorphic with simple poles at A = —k — 2j — 1, j > 0. Q.E.D. 

Lemma 4.10. There exists a meromorphic map sin^ x : C — > C _00 (— 7r, 7r) wii/i 
simple poles at A = —1,-2,... and residues 

Res(su\ x —k) — \ WyT Cm -J'( - ^0 fc = 2m + 1 

s.t. for all A ^ Z<o, sin^ x((j)dx) = c/)(x) sin x xdx for cf> G C£°(—ir,ir) i/iai 
vanishes in a neighborhood of 0. 

Proof. For i?e(A) > — 1, sin^ a; is locally integrable near and so sin^ x G 
C~°°(— 1, 1) is well-defined and analytic in A. A meromorphic continuation with 
the desired properties in the region Re(X) > — (k + 1) is given for <f> G C c (— 7r, 7r) 
by 

sin* a^cte) = f 4>{x) sin x xdx+ [ sm x x((j)(x)-(f>(0)-x<l)\0)-...-—^—x k - 1 <j) ( - k - 1) (0))dx+ 
Ji Jo — 1)' 

+0(O)/ O (A) + ^'(0)/ 1 (A) + ... + _i_0(fc-i)(o)/ fc _ 1 (A) 

by the Lemma above, this is a well-defined generalized function, meromorphic 
in A, with simple poles at A = —1, —2, ... and residues as claimed. Q.E.D. 

We define also sin* x G C~°°{— n, ir) by (sin* x, 4>{x)dx) = (sin* x, (f)(—x)dx). 
Then 

R , • A „ _ / E7= M^-ii-fc)^'- fc = 2 ™ + 1 
(Sm -"' } lE;o 1 I ^e m _ 1 ,(-^),fc = 2m 

Before formulating the main result of this subsection, recall the following 
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Claim. Let / : C — > C~°°(X), A H> f\{x) be meromorphic, where X is a 
smooth manifold. Assume that Ao is a simple pole, and h(x) £ C(X) positive 
s.t. fx(gx) = h(x) x f\(x) in the holomorphic domain of f\, for some g E Diff(AT). 
Then r(x) = Res(/A; Ao) satisfies the same equation. 

Proof. Indeed, write f\(x) = ^zjp + ao(x) + ... , so that r(x) = a-i(x). Then 

tt \ ut / ^ ^ a-i{gx) i v, a-i{x)h{x) x 

fx{gx) = h(x) f\{x)=>— \-a (gx) + ... = \-a (x)h(x) +... 

A — Ao A — Ao 

Developing h(x) x into power series near A = Ao we see that 

d-i(gx) — a^i(x)h(x) x ° 

as claimed. 

Recall the Lorentz form Q on K 2 , which we now restrict to the unit circle 
S\ Then {Q > 0} = {-f < a < f } U {2f < a < ^} and {Q < 0} = {f < 
«<^}U{f <a<^}. Q.E.D. 

Corollary 4.11. (a)For any sign e G {+,—}, £/iere is a meromorphic in A, 
generalized function /| on S 11 , namely cos^ (2a) (Tiere a is the angle on the 
circle) with simple poles at X = —1, —2, ... that is supported on signQ € {0}U{e}, 
which satisfies for every tfi 6 C°°(S' 1 ) vanishing in a neighborhood of the light 
cone 

(f{, 4>{a)da) = | cos 2a\ x cj)(a) da 

J signQ(u)=E 

and 

(g-'TihW) = ^(l±^y X h {t) (5) 

forg=( ^ , where g*{f\) = f\og, k = e~ 20 7 t = tan(f - a), 

(b) For X = —k, k = 1, 2, ... £/ie residue 

Res(fl;-k) = 

_ I Z^j=0 (2j)!2« C ™-J^ K A" Q=7r / 4 + °a=57r/4 ~ °a=37r/4 ~ c«=77r/4J' K ~ Zm ~ 

~ I ,r"»-l 1 r , V_ i ,U^(2j + 1 ) , X(2j + 1) _x(2j+l) _r(2j + l)x , 

^ 6 2^j=0 (2j + l)\2^ + 1 c rn-l-]\ ^ )\° a=1T / A ^ a=5iv / A q=3tt/4 a=7ir/A>> ft 

satisfies equation^ Also, the linear combination 

/a + + (-i)V a - 

is holomorphic at X = — fc and satisfies equation^ 

Proof, (a) This can be verified directly for Re A > 0, similarly to equation [7] 
Then, both sides of the equation are memoromphic maps C — > C^°°(S 1 ) so 
uniqueness of meromorphic extension applies. For statement (b) concerning 
residues (the second half is immediate from (a)), we use the Claim above. Q.E.D. 

Remark 4.12. All the generalized functions on S 1 that we defined are even, and 
so define generalized functions on MP 1 . Let Q denote the Lorentz quadratic 
form on R 2 . The Q-orthogonal complement of a line in R 2 (which is the same 
as reflection w.r.t. to the light cone) induces a Z^-action on MP 1 and so also 
on C^^RP 1 ). We call / G C~°° (RP 1 ) cone-symmetric or cone-antisymmetric 
according to the action of Z2 on it. Then for A =^ — fc, cos+(2a) + cos^_(2a) is 
cone-symmetric and cos^(2a) — cos^.(2a) is cone-antisymmetric; for A = — fc, 
there are two cases: 
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• k is odd, then Res(cos^_(2a), — k) is cone-symmetric and cos+(2a)— cos^.(2a) 
is cone-antisymmetric. 

• k is even, then Res(cos±(2a), — k) is cone-antisymmetric and cos^(2a) + 
cos^.(2a) is cone-symmetric. 

We will denote the cone-symmetric and cone-antisymmetric functions corre- 
sponding to A by f\(a) and /^(a), respectively, normalized so that f^, 2 j+i) = 
Res(/ A h , — (2j + 1)) and / ~ 2 • = Res(/^~, —2j). Note that is invariant to re- 
flection w.r.t. the origin and to both coordinate axes. 

For non-integer A, we write and /jf for the functions corresponding to 
cos^(2a) and cos^.(2a), resp. (standing for the time-like and space-like sup- 
port of the function) . 

Remark 4.13. Note that the generalized functions supported on the light cone 
correspond to the residues, and they are given by derivatives of order k — 1 for 
A = — k since co(A) = 1. 

We will now construct generalized functions f^ k A G C~°°(Gr(n, k)) that 
are SO(n — l)-invariant, have singular support on the light cone, and satisfy 
the following transformation law under the Lorentz group: Fix any (k — 1)- 
dimensional A C M n_1 (the space coordinate plane), and v <G R™ -1 orthogonal 
to A. Denote II = Span{w, e„}. Let g <E G be a 0-boost in IT, namely 

_ / cosh 6 sinh# \ 
9 ~ \ sinhtf cosh 6 ) 

and extended by identity in the orthogonal direction. Denote 

A Q = A + R a v 

where R a denotes rotation by a in II, extended by the identity in the orthogonal 
directions. Then 

(^H/^aXA.) = « A ( 1 T L ^)^^a(A q ) (6) 

where (g*(f\),n) = (fx, (.9 _1 )»M> . K = e ~ 2t \ t = tan(f - a). 

Here and in the following, a : Gr(n, k) — > [0, J] is the elevation angle of 

A e Gr(n, k) above the space coordinate hyperplane. 

This is achieved as follows: choose a smooth function \ <= C°°(S 1 ) invariant 
to reflection w.r.t both coordinate axes, s.t. \ vanishes in a 2e-neighborhood 
of the poles and of the equator, and equals 1 outside a 3e-neighborhood of the 
poles and equator. Let / e C^°°(S 1 ) be any generalized function smooth near 
the poles and the equator, and invariant to reflections w.r.t. both axes. 

Define C e = {A e Gr(n, k) : a(A) > f - e} and E e = {A e Gr(n, k) : 
a(A) < e}. Outside C e U E e , one has the well-defined smooth submersion 
a : \ (C e U E e ) — > (e, f — e). So we may pull-back \f as follows: de- 

fine u = a*( X f) S C-° (Gr(n,fc)) 5 °("- 1 ) (which we extend to C e U E e by 
zero) . 

Now observe that a 2 is a smooth function on E 3)i : this can be seen by writing 

k 

sin 2 a = y^(« 3 ,e„) 2 
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where {vj} is any orthonormal basis of A, and e n the unit vector in the time di- 
rection. Also, (5 — a) 2 is smooth in C 3e . Since the function (1 — \)f & C°°(S 1 ) 
is smooth and invariant to reflections w.r.t. both coordinate axes, by Lemma l3.4l 
(applied separately near a = and a = one may define a smooth SO(n — 1)- 

invariant function u(A) = ((1 - x)f) ("(A)) € C°°{Gr(n, k)) so( ^ n -^ supported 

in C 3e U E 3e . Now define Gr n>k {f) =u + ve C-°°(Gr(n, k)) so( - n - 1 \ 
We now define /jf fc A = Gr n ,k(f\) for non-integer A. Then for values of A satis- 
fying ReA > 0, verifying that /jf. A satisfies equation [5] amounts to a testing the 
numerical equation given by [5] As before for 5 , we conclude by meromorphic 
extension that the equation is satisfied for all values of A that are not odd resp. 
even negative integers for f^ k x resp. f~ k x . Finally we define f~ k _ 2 - and 
fnk -(2j+i) taking the respective residues. 

Let us write an explicit formula for f^kxit 1 ) f° r t 1 ^ M.°°(Gr(n, k)) so ( n ~^ . 
Writing fi = (f>(a)dA where dA is the unique S l O(n)-invariant probability mea- 
sure on Gr(n, k) we claim that 

fn,k,\(^) = f\{<l>{ a )9n,k{0i)da) 

with g n ,k{a) — C n ,k cos™"'"'" 1 a sin^"" 1 a. 

Indeed, by uniqueness of meromorphic continuation it is enough to verify the 
formula for ReA > 0. Then f x is continuous and f^ k A (A) = f x (a(A)). So we 
may write 

fn.k.M = I jf{a{A))4>{a{A))dA 

JGr(n,k) 

and integrate along submanifolds of constant elevation. It remains to see that 
a*(dA) = g n ^k(a)da. The angle j3 = 5 — a betwen a random (w.r.t. the Haar 
measure on Gr(n, k)) fc-dimeiisional subspace and a fixed direction is distributed 
as the angle between a random vector x g 5™" 1 (w.r.t. the Haar measure) and a 
fixed fc-subspace. Since {x G S 1 ™" 1 : Z(v,R k ) = S' 1 " 1 : xl + ... + x 2 k = 

cos 2 /3}= (cos/?^'" 1 ) x (sin/3S n - fc " 1 ), 

9n,k( a ) = °n,k cos' '" 1 /3sin"" fc " 1 /3 = C n . k cos""' '" 1 a sin^ 1 a 



4.4.2 The case k = 1 

We will denote X = Gr(V, 1), M C X will be the set of Q- degenerate subspaces, 
referred to as the light cone in X. We denote by a the angle between a line 
A e X and the space coordinate hyperplane. We start by proving 

Proposition 4.14. The G-invariant generalized sections of A"' 1,1 are spanned 
by |cos2a|2s and sign(cos2a)\ cos2a| 'so , where sq is the Euclidean section. 

Proof. We should only prove that there are no sections supported on the light 
cone, denoted M. Assume / e r~°°(AT, AT"' 1 ) is supported on the light cone 
and G-invariant. 

In our case, the action of G on X = Gr(n, 1) is given by 

tan a + tanh 9 

tanp = 



1 + tan a tanh 6 



i cosh 9 sinh 9 \ . „ T ; . , 

where g — [ c h# ) a P = 9 a ' particular 

d/3 



cosh 29 + sin 2a sinh 29 
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The action of G on the fibers is given by 

g,(0 So )(/3)^0(a) | COS f|% o (/3) 
| cos 2a\ 2 

(with the value at a = /3 = ? understood in the limit sense). We change the 
coordinates as follows: e = j — a, r) = j — f3 and t = tane, s = tan r/. Also, 
denote 

1 — tanh# 1 _ 2S 

K ~ 1 + tanh6< ~~ (coshfl + sinhfl) 2 ~~ 6 
This corresponds to 

s = nt 

and 

ff (#o)( S ) = "**>(«) (7) 

Now the existence for some q > of an invariant generalized section supported 
on M (corresponding to to = 0) would imply according to 14.81 the existence of a 
non-zero invariant section over M of F = L M °°' 9 (A, K 71 ' 1 ) /T^°' q ~ l {X, A"' 1 ) = 
D* (NM) <g> Sym q (NM) ® K n ' l \ M = D*(NM) ® {NM)® q ® ^™ a | M (for the 
last equality note that AM is a line bundle). 

Note that for Z G M, A/M = T t X/TiM = (I* ® (V / 1)) / (1* ® (l Q / 1)) - Z*®(y/Z Q ), 
where 1® is the Q-orthogonal complement of Z, and Z G M <^=> Z C Z^. 
Applying a pseudo-rotation (boost) by pseudo-angle 9 fixing Z, the resulting 
transformation of the fiber of F\i is multiplication by 

k-k" ■ k 1/2 

for k = e~ 20 . which cannot equal 1 for any q. We conclude there are no invariant 
sections supported on the light cone. Q.E.D. 

When k = 1, the Crofton fiber E n ' 1 \\ is canonically isomorphic (in particu- 
lar, as G-equivariant bundles) to D(V) n <g> D(A)* < - n+1 ^: 

D(V/A)®D(T A Gr(n,n-l)) = D(V/A) ® | A top ((V/A)* ® A)| = 

= D(V/A) ® L>(WA)® ( " _1) ) ® |A Atop | = D(V/A) n ® D(A)* = 

= L>(VT ® L>(A)*(™ +1 ) 

Let a be the anglular altitude on the sphere, and zq be the Euclidean section 
of the bundle E 71,1 . The transformation rule under the G-action for a boost gg 
by pseudo-angle 9 is therefore 

2*(<M))03) = ^) | COS2 ^Z^ o(/3) 
cos 2a 2 



or equivalently 



g(cj ) zo)( S )=m^^ 1 ( 1+ " 2 ) 2 *>(») (8) 
where i = tan(-| — a), s = t&n(j — /?), /3 = gga, s = Kt, and n = e~ 2e 

Let / be a G-invariant generalized section of this bundle. When restricted 
to an open orbit, such a section must be smooth (since an open orbit is a homo- 
geneous manifold for G). Therefore, on the open orbits / = G|cos2a| ~ zq, 
C a locally constant function on Gr(V, n — 1). 



In light of Corollarv l4.il we get 
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Corollary 4.15. The space Y °°(Gr(n,n — l),E n ' ) G is at most 2- dimensional 

We will now turn to constructing two independent sections of this space, 
proving is it in fact 2-dimensional. Let us first remark that applying Proposition 
SUfor this manifold (this time T A M = (A/A^)* ® (V/A)), one can see that an 
invariant generalized section supported on the light cone can exist only if 

n + 1 

q + 1 — = <^=> n = 2q + 1 

where q is the order of the section (as a differential operator). We will show 
that such sections do indeed exist. 

Proposition 4.16. dim.T- oc (E n ' 1 ) G = 2. For odd n, there is a one dimen- 
sional subspace of generalized sections supported on the light cone. For even n, 
none are supported on the light cone. 

Proof. The sections are associated with the generalized functions on Gr(n, n— 1) 
constructed in 14.4.11 

According to equations |6] and [8j they are given (after a Euclidean trivialization) 
by fnn-i a w ith A = — The support properties follow immediately from 
the corresponding properties for f x . Q.E.D. 

Those sections will be denoted f^\- 
Let us write explicit formulas for those sections in some dimensions: For n = 3, 
the cone-symmetric section /g 1 (after rescaling) is given by 

0(a,ip)da / — 2 4 4 sm(e+ T )de#+ 

Je=oJ^=o \sm2e\ 2 4 



+\/2J (-2) / 

Jip=o 4 

and the cone-antisymmetric section f^ 1 is given by 



(sin a / di/j(f>(ct,ip)) 



s 1 



For higher odd values of n, the cone-antisymmetric section is given by 
c)" 



(a, i/^dcr i— ► 



where m = ^^o^- 



9a r 



(sin™ 2 a / 0(a, ip^diji) + lower order derivatives 

J M 



4.4.3 Case of general k 

Denote X = Gr(V, k), M the set of Q-degenerate subspaces. 

Proposition 4.17. There are no G-invariant sections over M of the bundle 
with fiber over A equal to D*{N A M) ® Sym q (N A M) ® i^"' fc | A . 

Proof. Fix A G M touching the light cone C along the line / = A n A® . Denote 
also tt = A + A Q = R Write N A M = T A X/T A M. Then 

N A M = I* ® (F/Q) 

Thus as in the case fe = 1, for g = gg E Stab(A), the action on D*(N A M) <g) 
Sym q (N A M) ® AT™' fe |A is by multiplication by k 9+1 k 1 / 2 where « = e~ 29 . So 
again by Proposition 14.8) there are no invariant generalized sections of K n,k 
supported on the light cone. Q.E.D. 
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Therefore by Proposition OH dimr-°°(A, K n ' k ) G = 2. 

Proposition 4.18. dimr-°°(E n > k ) G = 2 for all 1 < k < n - 1. For odd n, 

there is a one dimensional subspace of generalized sections supported on the light 
cone. For even n, none are supported on the light cone. 

Proof. Again by Corollary 14. 11 dimr~°°(F™' fc ) G < 2. Let us find two indepen- 
dent sections explicitly. This time A £ Gr(V, n — k) and 

E A = D(V/A) ® D(T A Gr(V, n - k)) = 
= D(V) ® D(A)* ® D(A* ® V/A) = 
= D(V) ® D*(A) ® F>(y)"~ fe (8 D*(A) n = 
= D(V) n - k+1 ® D(A)*( ,l+1 ) 
So similarly to the case fe = 1, the invariant sections of are given, after 
the Euclidean trivialization, by /„ „_ fe \ - with A = — Q.E.D. 

For even values of n, we will also use the basis fnk'fnk corresponding to 

fS fT 

Recall that for fx E M°°(Gr(n, k)) so( - n -^ such that fj, = (f){a)dA where dA 
is the unique S'0(n)-invariant probability measure on Gr(n,n — k) we have 

fn,M = fx($( a )9n,n-k{a)da) 

where gn,n-k{&) = C n ,k sin" - ' 0-1 aces' " 1 a and A = — ^4^- From now on. we 
renormalize f^ k so that C n .u = 1. 

Theorem 4.19. For all 1 < k < n - 1, dimVal™ -°° (M. n ) so+ = 2. 

Proof. According to Proposition l4.4i (Val k V: ~°° (V)^ is naturally a subspace of 
(r-°°(K n < k f) . In particular, dim (vall v '~°°(V)j G < 2. Then by Proposition 

EE Ker(cV„_ fe : r-°°{E n > k ) -> VoZ" ,_00 (V)) C KerT„_ fc , fc so by Corollary 
Oone has dim Val e ^~°°{V) G > 2. Thus, we get equality. Q.E.D. 

It follows that every SO + (n— 1, l)-invariant continuous valuation tj> € Valk(V) 
is determined by its uniquely-defined SO + (n— 1, l)-invariant generalized Crofton 
measure. 

5 The non-existence of even Lorentz-invariant val- 
uations for 1 < k < n — 2 

We now proceed to show that the generalized valuations <fi = Cr(f^ k ) corre- 
sponding to the sections /± fc e r" 00 (F; n <' £ ) G that we found, are not continuous 
valuations. In fact, we will show those valuations cannot be extended by continu- 
ity to the double cone. By Lemma l4~7l it follows that for an SO(n — l)-invariant 
smooth unconditional body K n with fc-support function hk(a; K), those valua- 
tions are given by 

4>{K n ) = /±(Ma; K)g rhn _ k {a)da) 

with A = — Then by 13. 7\ the same formula holds as long as hk(a; K) is 
smooth near the light cone. 
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5.1 Computations related to the double cone 

In the following, C C R 2 is the unit ball of the l± norm. We will write 
h k (a) = h k (a;C k+1 ) (where — ^ < a < | is the angle between the normal 
to the hyperplane to which C k+1 is projected, and the space-like coordinate 
hyperplane). It can be computed as follows: fix u = (cos a, 0, 0, sin a) the 
normal to the hyperplane, and v = (cos (3w, sin/3), w € S* -1 . The surface area 
measure of C k+1 is a C k+i(v) = S^(f3) + 5-* ((3) and 

h k (a)=T k (<T Ck+1 (0))(a)= [ (<5 f (/3)+<5_ f ( ; 3))|( U ,i;)|cos fc - 1 (3d(3da k ^(w) 

Js k 

If k > 2, we take - § < <j) < § to be the elevation angle of w; e S* _1 . If k = 2, 
— 7r < (f> < tt. Let us write a k < cf) <b k for both cases. Then 

h k (a) = C k f I (6*(/3)+6-%(/3))\ sin/3 sina+cos/3 cosasin</>| cos fc_1 /3cos fe ~ 2 
= ofc/2 / (I sma + cosasin(/)| + | sina — cos a sin 0|) cos fe ~ 2 (f>d(f> — 

2 7 Ja k 

2Cfe f k i ■ ,i fe-2 

sin a — cos a sin </> cos 



ok/2 



f < a < f 
M a )> < a < § 



Denoting vlfc = J"_^/ 2 cosfe 2 an( ^ re pl acm g C2 by 2C2 for fc = 2, we get 

2 fc/2' 



and 

2C *(a „: _„k-2 ^ , 2 (cos2a)V 



2C / p~ 1 z 

h k ( a ) = ~okj2 A k sin a — 2 sin a / cos fc ~ 2 </>e?</> 

^ \ ./arcsintana 



fc — 1 (cosa) fe 2 



,,. . 2C fc / 2 (cos2a)V f 1 fe _ 3 \ 

= K{a) + ImWp - 2sma L a {1 - t] ^ dt ) = 

with the exception 

1 7T 7T 

hi(a) = — p(| sin(a + — )| + | cos(a + — )|) = max(| sina|, | cosa|) 
y2 4 4 

For e > and every n define the e— stretching of R", S € to be the diagonal 
n x n matrix c e diag(l, l,tan(^ + e)) where where c e — > 1 as e — > will be 
specified shortly. In the following, we will denote 77 = tan(^ + e). We replace 
the double cone with its e— stretching C n ,e = S e C n , and take c e such that 
h k (j;C e ) — rjh k (j;C). We will write in the following h kte (a) = h k (a;C n ^), 
omitting e when e = 0. Again for all k < n — 1 

h k ,e(a) = c e C k I I ((5i +e (/3)+(5_^_ e (/3))| sin/3sino:+cos/3cosQ!sin(/i| cos fe ~ 1 /3cos fe_2 - 
Let us write 



hk,e(a) 



htJal a > f - 
h ke (a), 0<a< f 
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where for k > 2 (again the definition of Ck for k = 2 is twice the definition of 
C fe for k > 3) 

2Cfe 



and 



V «/arcsin 



tt/2 

COS 



(r; tan a) 



cosa(l — rj 1 tan 2 a) 2 



fe-1 



2Cfc 12 fe i fc3 

^fe e( a ) + "fe/l 7 cosa(l-?7 2 tan 2 a)~ — 2?7sina / (l-t 2 )~dt 

2 ' \ k — 1 7 7) tana 



While 



/ii(a; C„,e) = max(?7| sina|, | cosa| 
By rescaling the bodies, and since we will be only considering a single value of 

2 k/2 



A; at a time, we may assume in the subsequent computations that Wfy = 1 for 



all hk- 

Remark 5.1. In this computation, a is the angle between the normal in R k+1 to 
the hyperplane to which we project, and the space coordinate hyperplane; The 
value of the even fe— homogeneous cone-symmetric/antisymmetric valuation in 
K™ on C„ je when e 7^ is given by f n+1 (hk,e{cx)9n,n-k{cx)da) by Proposition 

13.71 since the singular support (in fact, the support) of the surface area measure 
of C n;€ is disjoint from the light cone. 

Remark 5.2. We observe for the following that ht , admits a real analytic ex- 
tension to S , and if k is odd then also admits a real analytic extension to 
a 6 (-?)?)• The same holds for h^ e , and in the corresponding cases it holds 
in the C°° topology that 

lim hf=hf 

It follows that for any continuous valuation <j> with generalized Crofton measure 
f n k , one may write 

<t>{C n )= lim </>(C n , e ) = lim / ± „ +1 (^ e (a) 5n , n _ fe (a))=/\ +1 (/ l +(a) 5rl , n _ fe (a)) 

and if n is odd then also 

4>{C n ) =/ ± £±i (^(a). 9rl ,„_ fc (a)) 

2 

5.2 Applying the generalized valuations to the double cone 

Proposition 5.3. (Reduction to k — n — 2) If for every n > 3 there exists no 
continuous even G -invariant [n — 2) -homogeneous valuation, then there exists 
no continuous even G-invariant j -homogeneous valuation for j < n — 2. 

Proof. Let <j) E Val+ (R") so+ be such a valuation with j < n - 2. By 
our assumption, if A is any (n — 2)-subspace s.t. Q\\ has mixed signature then 
01a = 0. Since every j-dimensional subspace is contained in some A as above, 
we conclude that Klj{<f) = 0, and therefore = 0. Q.E.D. 

Thus we may assume from now on that k — n—2, and prove non-extendibility 
of the corresponding valuations. 
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Proposition 5.4. (Oddn, light cone support) . For odd n, an n—2-homogeneous 
even valuation <fi on M. n having generalized Crofton measure f G T~°°(E n ' ) 
supported on the light cone, cannot be extended by continuity to all SO(n — 1)- 
invariant compact convex bodies. 

Proof. Assume, on the contrary, that this can be accomplished. We will show 
that <j) does not extend to the double cone by continuity. Recall from 14.181 
that a valuation <j> as above can occur only for odd n, and by Remark l4.121 it is 
cone-symmetric if n = 1 mod 4 and cone-antisymmetric otherwise. By Remark 
15.11 we may evaluate the valuation on C„ ie by 4>(C n ^ e ) = f(h k (a; C n e )g nn — k ). 
Therefore, 

<f)(C n ) = \imf(h k (a;C ne )g nn ^ k ) 

e— >0 

Write 

m 
3=0 

with m = (note that the derivatives of g n ,n-k are now incorporated into the 
coefficients cj). Note that c m ^ since gn,n-k(-j) 0. We will show that the 
limits lim e ^. + /(/ifc, e (a, C)g„, n _ fc ) and lim e _>. - f(h k ,c(a, C)g n , n - k ) are finite 
and different from one another, thus arriving at a contradiction. Equivalently, 
since lim e ^ + h k<e = ^fe m tne C°°[— ^] topology, we will show that 

lim (f(hl e {a,C)g ntn - k )-f(h^ (a,C)g„ jn ^ k )) = lim f((hl e {a,C)-h^ e (a,C))g n<n ^ k )) 

is non-zero. Denote v e (a) — h~^ e (a, C) — h^ e (a, C) and u e (a) = (sina)~ 1 u c (Q;). 
Consider first the case n > 3. Then 



2\^J+ 2 ... , ... i ,.-> ,.,..2 



u t (a) = 2rj / (1 - * ) 2 dt-- — - cot a(l - 77 tan a) 2 

J r] tan a ^ 

where as before r\ = tan( : | + e). It suffices to prove that lining- u)P (^) = 
for j < m — 1, and is non-zero for j = rn. Indeed, lim c ^ - u e(^) = ^> anc ^ 

... 2 (1 - if tan 2 a) -2 " 1 

= I 7 — 

k — 1 sin a 



Since A: = n— 2, the numerator is a polynomial in tan 2 a with coefficients depend- 
ing Oil 
Since 



ing on e, and we conclude that u' — > j-^r . \ (1 — tan 2 a) 2 in C°°\—^f, ^ 

& ' e fc— 1 sin^ a V ' 1 8 ' 8 



9 , fc-l , , 7T. , 7T , , , fc-l . , fc-l , 7T . fc-l ,. 7T , fc-l , 

(l-tan 2 a)— = (l-(l+4(a--)+o(a--)))T- = (-4) — (a--) — +o((a--) — ) 



and = IL ^- = m — 1, it follows that 



A: — 1 n — 3 

— //t — x, il iuiiuw: 

(m-1) 



f (1 - tan 2 a) -j (J) = (-4) m - 1 (m - 1)! 

implying the claim. 

Now assume n = 3 so k = 1. Then i; e (a) = 77 cos a — sin a, where again 77 : 
tan(? + e). Since lim e ^. - u e(f) = while lim e ^. - v e(j) = um £^o- ~~ sin an 
cos a = — \/2 7^ 0, the claim follows. Q.E.D. 
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Remark 5.5. We note for the following that for odd values of n, both lim e _5.g+ f(h k ^(a, C)g n ^ n - k ) 
and lim^Q- f{h k>e {a,C)g n ^ n - k ) are finite, where / is the unique G-invariant 
generalized Crofton measure supported on the light cone. 

Proposition 5.6. (Odd n) For odd n, no n — 2 -homogeneous valuation (f> € 
Val+_ 2 (R n ) G exists. 

Proof. Denote k = n — 2. Assume first that <j) is either pure cone-symmetric 
or cone-antisymmetric, according to n mod 4, such that it is not supported on 
the light cone. 

First, assume n = 1 mod 4, so n > 5 and k > 3. Then 2±i is odd, and 
4> = Cr(f- k ). 

4>(C n )= lim .6{C n ,e) = hm f~ n+1 {h k (a; C„, e )sr„,„-fc) 

£->0+ C-S-0+ 2 

Note that /ife(a; C„. e ) = C^sina near a = j, and so all derivatives at a — j of 
hk(a]C n ,e)g n ,n-k converge to a finite limit as e ^ + . Write for an arbitrary 
function H on S 1 . 

Ar , m H(a) ff(f - a) - 2(if'(f )(a - f ) + ^ 3 >(?)(a - f ) 3 + - + j^hv^ 2 ^ (f )(a _ | ) 2m+i ) 

N-(a;H) = ■ — — I 

| cos2a| _ 2— 

where m = Denote H e (a) = h k (a; C ni€ )g nin - k (a). We will show that the 
integral 

I-(H e ) = / 4 N_{a;H e )da 
Jo 

which equals 0(C„ iC ) up to bounded summands, diverges as e — > + . Then 
r /" f ' e fefc. £ (a)gn,»-fc(a) ~fe^(a)g„,„- fc (a) /"i 

I-{H e )= — i ■ da+ N-(a;hl e (a)g n , n - k {a))da 

Jo |cos2a| 2 Jo 

Now the second integral is bounded (uniformly in e), for instance by C\ J 4 iV_(a; h k (a)g n!n - k (a))da\. 

We will show that the first summand is unbounded. Calculate first that 

d /Ke( a ) - h ke( a )\ n d f 2 ,,2 2 ^ / ^ „ 2^"0 \ 

: ~ =2— — — cota lVtan 2 a — - / (l-t 2 ) — dt) V ) = 

da\ sma J da\k-l \ -A, tan a J J 

V 2 2 2 fc ~ 3 2 2 -, fc ~ 3 / 2 l — n 2 ta,n 2 a rj 2 



9 9 ,t5 o o , fc-3 / 2 1 - ti tan q rr \ 

-(l-?? 2 tan 2 a — -(l-?7 2 tan 2 a ~ + — '—) 

! Vfc-1 sin a cos 2 a/ 



sin a cos z 

2 (l-^tan 2 ^)^ 
fc — 1 sin 2 a 

,+ /7T 



which is negative. Since h k e (j — e) = h k e (j — e), it follows that ^ fee (a) — 
/i+»>0in (0,5 -e). Now 

/■ f ~ £ h k (a)g n , n - k (a) - h\ (a)g n , n - k (a) - , 

/ — ■ rfa > C„+c„ / — ■ — da 

Jo |cos2a| 2 J 3L 



^ da = 

(I - a) 2 



/ — 7 * -^T^da = 

J £ (4 — a 2 
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> c n W+i : da 

if (f-a)^" sine* 

Now integrate by parts: we integrate (? — a) i~ and differentiate the other 
term. The boundary term is bounded uniformly in e, and we already computed 

the derivative of hk ^ a \ ^.J") m e q ua tion[§J The resulting integral thus equals 



ri e (i _ ^2 tan 2 a) ^da , n e (1 - -q 2 tan 2 a) h ^da 
/ f (f-a)^sin 2 a " W f (f-a) 2 * 1 

Now 1 — ry 2 tan 2 a > 4 (a e — a) so the integral is bounded from below by 

(a e -a) h ^ 1 da , ri' e ~i t^dt , t^dt 

c n,k I ~ . n-l — c n,fe 



(f-a) 2 ^ -'"Jo (e + t)^ "'"Jo (e + t) 

Finally, the limit 



lim 



ir k-1 

ioo t~dt 



>°+Jo (e + t) — 
is infinite. Thus J_(7f c ) is unbounded as e — > + , i.e <j){C n ,t) — >• oo. 

Now assume n = 3 mod 4 and n > 7, so fc > 5 and corresponds to k - 
For an arbitrary function H on S* 1 define N+(a; H) by 

iT(a) + ff(§ - a) - 2(iJ(f ) + ^(f )(a - f ) 2 + ... + * #( 2 ™)(f )( a - |) 2 ™) 

N+{a;H) = ■ ^ — 

|cos2a| 2 

where m — ^j^. Exactly as before, the integral 

I+( H e) = [' N + {a;H e )da 
Jo 

is unbounded as e -> + , i.e <^(C n , e ) — > oo. 

Let us compute separately the case of k = 1 and n = 3. 
Then 

r /rrx P cos a3„,„_ i (a) - 77 sin ag„,„_ i (a) /** . 

l-(rl e ) — / — da+ I\-{a;rjsiD.ag n>ri -i{a))aa 

Jo |cos2a|~2- Jo 

where 

^ (a;if) = g (a)- g (f-a)-2^( f ) (a - f ) 



I cos 2a I "2 1 

Now the second integral is bounded (uniformly in e), for instance by 2| J 4 AT_ (a; sin ag n>n -\ (a))da| . 
The first integrand is non-negative, and since <?„.„_! (a) > c n for a € [^g, ^] 
while cos 2a < c|a — ^| in that interval, we get 

" e cosag ni „_i(a) - 7ysinas(„ in _i(a) f^' e cosa - ?7sina 

da > c — n — da > 



j cos 2a| 7^ (f-a)" +] 



, cos a — 77 sin a 
> c / — n — aa 
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The function cos a — n sin a is decreasing and concave for < a < ? — e, so 
cos a — r\ sin a > 1 — for < a < ? — e. Therefore 



— e 



cosa — 77 sin a , 1 /" 4 e .7r , n-i 7r/4 , f 4 € .7r , «+i , 

da>—- ( a )- — da+(l-—j—) ( --«)" — da 



recalling that n = 3, that equals 

1 , e / tt/4 \ 2 _ 3 -i 1 
— lop- ,! ' 



4 6 4 v 4 

Thus for all A; > 1, I-(H e ) is unbounded as£^0 + . 

Finally, consider a general / = af„u + bfnk> given by a linear combination 
of pure cone-symmetric and cone-antisymmetric sectios, and assume it corre- 
sponds to a continuous valuation. Then by the preceding argument and Propo- 
sition [5T31 we must have both a ^ and 6^0. When evaluated on H e , this 
would diverge as e — > + , since the light cone-supported summand has a limit 
by Remark 15. 5i while the other summand diverges as was just proved. Q.E.D. 

Proposition 5.7. (Even n, reduction to time- supported valuation) For even 
n, an (n — 2) -homogeneous valuation <p € Val^_ 2 (R n ) G on l n , if exists, has 
generalized Crofton measure equal to a multiple of /„ n _ 2 . 

Proof. Denote k = n — 2, assume <j> corresponds to / = af^ k + bf^ k . 

4>(C n ) = lim 4>{Cn,e) = lim f T n +i(h ke (a)g n . n ^ k ) 

6-S-0+ e^0+ 2 

Note that h k t (a) = C^sina for |a| > f — e, and so all derivatives at a = j of 
hk,e{cc)gn,n-k converge to a finite limit as e — > + and likewise lim c _,.Q+ f J „ +1 (hk,e{<x)9n,n-k) 

2 

is finite. We will show that lim e _ > .g+ / n+1 (h ki€ (a)g n ^ n - k ) is inifinite, implying 
6 = 0. 

Denote H t (a) = h k ^ e (a)g n ,n-k(ct). Write for an arbitrary function on S 1 , 
ATI m H(a) - (g(f ) + jtHW(f )(a - f ) + - + ^g (m) (f )(<* ~ |T) 

N{a- H) = : ■ -—j : 

|cos2a| 2 

where m — The integral 

I(H e ) = / 4 N{a;H e )da 
Jo 

equals f s n+1 (hk,e(ce)g n , n -k) up to summands corresponding to derivatives of 
hk,e{ a )9n,n-k a t the light cone, of order up to m. Those derivatives are uni- 
formly bounded as e —¥ + , since hk,e(ot) -> h k (a) in the C m (S' 1 ) topology by 
the remark following Proposition 13. 6p . 

We will show that I{H e ) diverges as e — > + . Write 

t(it\ f*~' h k,e( a )9n^k{a) ~ h+ (a)g n ^ k (a) ri 

I{H e )= I ■ — jy da+ N{a;hl e (a)g n , n - k (a))da 

Jo |cos2a| 2 Jo 

Now the second integral is bounded (uniformly in e), for instance by C\ N(a; h k (a)g n , n -k(ct))da\, 
and the first summand is unbounded, exactly as in the case of odd n before . 
This concludes the proof. Q.E.D. 



- + ( 1 -^7)r L r'^-- ± 7 bse+0 < 1 » 

A * A C / O X A t 
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Proposition 5.8. (Non-existence of time- supported valuation with k = n — 2) 
For n even, Cr(f^ n _ 2 ) * s n °t a continuous valuation. 

Proof. Denote k = n — 2, m = | = § — 1, and assume <p = Cr(/J „_ 2 ) IS 
a continuos valuation. As before H e (a) — hk, e g n ,n-k{c*)- By Remark 13.61 
h k ,e( a ) h k( a ) as e ^ in C^S* 1 ). 
Introduce the notations 



)(a;H,a Q ) = H(a ) + ±-H {1 \a )(a - a ) + ... + lff«>(a )(a - a ) j 
1 ! 7 ! 

N(a;H,j) 



| cos 2ap + 2 
and 

H u ) = / N(a;u,m)da 

Observe that H e ^ H in C m (S' 1 ) as well, so all the derivatives satisfy i? e (|) — > 
f or j < to as e — > 0. We will show that 

lim f T _^{H t ) ± lim f T ^{H t ) 

Equivalently, due to C m convergence, we will show that I(H e ) has different 

one-sided limits. 

Denote 

, x h ke (a) 
Ue{a) - 



sma 
Recall that 



A k ri,a > f - e 

A k 7] - 2 V f\ ana (l - t 2 )^^ + ^ cot a(l - rj 2 tan 2 a) 4 * 1 , < a < 



u s (a) = { 

where A k = /^/a cos* -2 (f>d(f>, implying 



lim I(u e ) = lim I(A k n) = 

Now write H t = t(a)u e (a) where t(ot) — (a) sin a. According to Lemma 

IA.11 we may write 

HiayjjfaH, J)=t(|)(w e (a : )-J rn (a; Ue ,|))+ Ue (a)i2 ro+1 (a)+0(C r e |a-J ro+1 ) 

where R m +i(a) = t{a) — J m (a;t, j), and the constant C e in the error term is 
bounded by 

C m sup \u^\ 

with 

C m =m sup |(5„, n _ fc (a)sina) (j) | 

0<j<m+l 

where everywhere a £ [0, |]. By the convergence of u e (a) — > in C m [j, §], 
we conclude that C e — > as e — > 0. 

Since |i? m+ i(o;)| < C|a — ? | m+1 , and w e converges in C[?, 5], the integral 



y~ K, (n )./?,„+i(n ) 



|cos2al m+ 2 
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has a limit as e — »■ 0. Also, the integral 



* 0{C e \a-$\ m + 1 ), 
- — -, — da 



| cos 2a | 

converges to as e — > 0. We conclude that I(H € ) — t(j)I(u e ) converges, and 
thus it suffices to show that the functional I(u e ) has different one-sided limits. 
We will verify that 

lim I(u e ) ^ 

e->0~ 

From now on e < 0. We will use the approximations 

7? = tan(J+e) = l + 2e + 0(e 2 ) 

1-T] 4 = -8e + 0(e 2 ) 
(1 - r? 2 )^ = (-4c + 0(e 2 ))^ = 2|e|* + 0(|e|) 
Then for a < § - e, 



2 ^ , i i 

k — 1 sin" a 



«;(a) = -- — -(1 -r? 2 tan 2 a) m - 



It follows by induction that for a G (f + e, f — e) and j > 1, 



u«(a) = f-iy— - - (2m ~ 1)!! ^- 2 (l-n 2 tan 2 ar + '- j I 1 + 

elj 1 j fc-lsin 2 a2i-i (2m-2j + l)!! 7? ^ ^cos 2 ^ + 



+o((l-r7 2 tan 2 a) m+ i-^ 

)!! 2 ,- 2 sin J - 3 c 
fc - 1 (2m - 2j + 1)!! 77 cos 3 -?'" 3 . 

and a G (§ + « 

u «(a)| = 0(|er+3-J) (10) 



= ( -iy-l- J 2m :. 1)! : .. ^^^(iVta^ar+^-^+ofavta^ar+i-O 

v 7 fc - 1 (2m- 2j + 1)!! ' cos 3 J- 3 a v ' ; V 1 J J 

in particular, for 1 < j < m and a£ (j + e, j — e), |1 — r? 2 tan 2 a| = 0(|e|) so 



It therefore also holds that 

l<) A kV \ = | Ue (|) - ^ - C )| = 0(|er + 3) (11) 

Write 

(12) 

where 

| a _ 7T |m+f 

w(a) — 



| cos 2a | 

is a C°°, strictly positive function in [0, \ ]. Now integrate by parts: we integrate 
the denominator and differentiate the numerator. 

$ A k rj- J m {a;u t ^) 1 A fc ?7 - J m (|; u e , |) /7 r. 



s ui a da = = ^ — w( — ) 

( a _*)*»+§ m +i (f) m+ 5 2 

1 A k T] - J m (^ - e;u e ,j) ,tt 1 p J TO _i(a;-u^,f) 



m+i | c |™+* 4 ™+|i f - £ (a-f) m+ 



w (7- £ ) + ^^ / —T „mll w(a)da+ 
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A k r) - J m (a;u e , § ) r 



m+iy f _ £ (a-f) m + 



j w' {a)da 



the first summand is o(l) as e — > 0~, since u e — > Afe € C m [j, so J m (£; u e , ?) 
J m (f ; ^U, f ) = Ak asf^O". Let us verify that the last summand is also o(l) 
Indeed 



3 A fc r? - J m (a;u € , \ )_ , 



(a-f)™+* 



j — — to (a)rfo! 



This can be integrated explicitly. The terms corresponding to ^ are all o(l) 
again since u e — > Ak € C m [j, while the terms corresponding to ^ — e are all 
0(|e|) by estimates ITU1 and ITT1 Therefore, 



AkV - J m (a;u e , §) 



(a- 



7r \m+T 



w(a)da 



m - 



1 / A kV - J m (f -e;^,|) 7T /* J m _i(a;-<,f) \ 
^^(t-£)+ / — i w(a)da +o(l) 



Similarly, we may integrate by parts the second summand of I(u t ) in equation 
[12] as follows: 

u e (a) - J m (a;u e , f ) _ f N _ 1 A/.77 - J m (f - e; u e , f ) /7 r 



w{a)da = - — ■ l rT ^ TI w (-- e Y 

2 



1 /" * e u' e (a) + J m -x(a; -u' e , f) 



m+ i 



w(a)da 



the ^-boundary term vanishes since u e is C°° near f . Thus 



J TO _i(a;-ttg,f) e u' e (a) - J m _i(a;i4, f) 



I(u e ) — =- / — w(a)da+ / — j— ^ w(a)da +o(l) 

m+i^7 f _ e (a- if (a-!)™+i U J U 

so we should show that the expression in the brackets does not vanish as e — » 0~ . 
Repeatedly applying integration by parts as we did for equation [TSJ we end up 
having to show that 

J{e)= ~ zr^-w{a)da+ —3 w(a)da 



(«-f) S H («"f) 

does not converge to as e — > 0~. 

Recall that 

4 m Ha) = (-l) m -^-(2m-l)!!7 ? 2m - 2 (l-77 2 tan 2 a)^ Sin "~ 3 " +o( (I-77 2 tan 2 a) 3 / 2 ) 
fc — 1 cos J a V / 

in particular, 

= (-l)'"_l_(2m - 1)!!(1 - v 2 )hf m - 2 2 m + 0(|e| 3/2 ) = 

= (-l) m v^— (2m - l)!!77 2m - 2 2" l+1 |e| 1/2 + 0(|e| 3/2 ) 
fc — 1 
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We will also need the finer estimate 



u 



*>(«-j) 

which is obtained by writing 



ui m \a) = (-l)"-^-(2m-l)V m - 2 (l-77 2 tan 2 a)* Sm "' \ a +s e (a)(l-r 1 2 tan 2 af' 2 
k — 1 cos 4 ™ 4 a 

where s € (a) £ C^f, f ) is uniformly bounded in C 1 (J, §). Then the error term 
in ui m \a) — ui m \j) is easily seen to equal 



+0((1 - ry 2 ) 3/2 - (1 - T? 2 tan 2 a) 3 / 2 ) + o(a - J) 
and since (1 — if 1 tan 2 a) 3 / 2 is C 1 (^, -|) and uniformly bounded, one has 

(1 - ^ 2 ) 3 / 2 - (1 - r, 2 tan 2 a) 3 / 2 = o(a - J) 
Integrating the first summand of J(e) by parts, we get that 

p 2L (m) / 7T \ r> 

•/f-« («- f) 2 4 H 2 4 

= (-l) ro+1 ^-j-(2m - l)!!r/ 2m - 2 W ;(J)(2 m + 2 + o(l)) 



while 



U ( m) (a)-^ m) (f) 



w(a)c?a = 



(-l) m ^r(2m - l)!!^ 2 ™- 2 ((1 - r? 2 tan 2 a )h - (1 - ^2 m ) 
= / ^- ^71 J -w{a)da+o{\) 

v y fe-r ; v 4V f ("-f) f 



So it remains to show that 



„,,, r*- 6 (1 -?7 2 tan 2 a)i si O - (1 -r? 2 )52 m 

2 m+2 + / V / ! cos 3 m 3^ V 1_2 da ^ q 



Since 

cos 3 ™" 3 a 4 ; 

this boils down to 

~ c (1 — rj 2 tan 2 a)s — (1 — r/ 2 )3 



da ^> 



(«-f)* 

The integral is non-positive. This concludes the proof. Q.E.D. 
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6 Applications 



Recently in |21j , some negative results on continuity properties of classical con- 
structions in the theory of valuations were proved. We will now explain how 
some of those results can be seen immediately from the classification of Lorentz- 
invariant valuations. 

6.1 The image of the Klain imbedding is not closed 

Denote by (jy^ k £ Val e ^ , ~°°{V) G the two independent generalized valuations 
that we found. The generalized Klain sections Kl(<fi^ .) G T{K n ' k ) for 1 < k < 
n — 2 are in fact continuous sections of the Klain bundle, that do not correspond 
to a continuous valuation. They do belong to the closure (in the G° topology) 
of the image of the Klain imbedding on continuous valuations. 

6.2 The Fourier transform does not extend to continuous 
valuations 

The Fourier transform on smooth even valuations extends to the space of gen- 
eralized smooth valuations by self-adjointness (see [H]): For <f> g ValT^^iV), 
we define ¥</> G Val™ll°°(V*) ® D(V) by letting for all ^ € Val e h v 

(F^) = (0,FVO 

It is a GL(V)-equivariant involution (in the sense that (Fy* <g> Id) o Fy = Id). 
Restricting to G = SO+(n -1,1), we get a G-equivariant involution 

F : Vall v '-°°{V) -> Val^°°(V) 

which restricts to the usual (G-equivariant) Fourier transform on smooth even 
valuations. 

Let (j>nn-i e ^ a 'n-i(^) G be the cone-symmetric and cone-antisymmetric con- 
tinuous valuations that we found. It follows by equivariance that 

F«„-i) € Val?>-°°{V) G 

Since Va/ 1 "' _00 (V r ) G contains no non-trivial continuous valuations when n > 3 , 
it follows that the Fourier transform does not extend by continuity to continuous 
valuations for n > 3. 

A A technical lemma 

We denote by J m (x;f,a) the Taylor polynomial of order m for the function / 
around a. 

Lemma A.l. For w e G°°(R) and h £ C m (M.) it holds in any fixed compact 
interval I around that 

w(x)h(x) - J m (x; wh, 0) = w{0){h(x) - J m (x; h, Oj) + h{x)R m+1 {x) + 0{\x\ m+1 ) 

as x — >• 0, where R m+ i{x) — w(x) — J m (x;w,0). More precisely, if\h^'(x)\ < Hj 
for all x £ I and < j < m and \w^\x)\ < W for all x £ I and j < m + 1 
then 0(\x\ m+1 ) <C mJ (H m + ... + H 1 )W\x\ m+1 . 
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Proof. Write J m (f) for J m (x;f,0). Then 

h = J m (h) + ei(x) 
w - w(0) = J m (w - w(0)) + e 2 (x) 

where 

|ei(x)| < c mJ H m \x\ m 
\e 2 (x)\ < c' mJ W\xr +1 

so 

wh = (w- w(0))h + w(0)h = J m (w - w(0))h + w(0)h + hR m+1 = 
= J m (w - w(0))( J m (h) + 0{H m \x\ m )) + w(0)h + hR m+1 - 
= J m (w - w(0))J m (h) + w(0)h + o[H m W\x\ m+1 ^ + hR m+l 
the last equality since J m (w — w(0)) = 0(W\\x\). Note that 

J m (w - w(0))J m (h) = J m ((w - w(0))h) + 0([H m + ... + H 1 )W\x\ m+1 ) = 
= J m (wh) - w(0)J m (h) + 0((H m + ... + H 1 )W\x\ m+1 ^j 

so 

wh = J m (wh) - w(0)J m (h) + w(0)h + 0((H m + ... + H 1 )W\x\ m+1 ) + hR m+1 
as claimed. Q.E.D. 
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